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Abstract 

We prove that a first order linear differential operator G with unbounded opera- 
tor coefficients is Fredholm on spaces of functions on M with values in a reflexive 
Banach space if and only if the corresponding strongly continuous evolution family 
has exponential dichotomies on both M-|_ and M_ and a pair of the ranges of the di- 
chotomy projections is Fredholm, and that the Fredholm index of G is equal to the 
Fredholm index of the pair. The operator G is the generator of the evolution semi- 
group associated with the evolution family. In the case when the evolution family 
is the propagator of a well-posed differential equation u'{t) = A{t)u{t) with, gener- 
ally, unbounded operators A{t),t £ M, the operator G is a closure of the operator 
— ■^-\-A{t). Thus, this paper provides a complete infinite dimensional generalization 
of well-known finite dimensional results by K. Palmer, and by A. Ben-Artzi and I. 
Gohberg. 
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1 Introduction and Main Results 



The celebrated Dichotomy Theorem asserts that a, d x d-matrix hnear differ- 
ential operator 



acting on a space of d-dimensional vector-functions on M, is Fredholm if and 
only if the differential equation u'{t) — A{t)u{t), t e M, has exponential di- 
chotomies on both R_,_ = [0, oo) and R_ = (— oo,0]; moreover, the Fredholm 
index of G is equal to the difference of the ranks of the dichotomies. K. Palmer 
proved this result in [36,37] for the case when G acts on a space of continuous 
vector-functions. A. Ben-Artzi and 1. Gohberg in [12] proved this result in the 
case when G acts on L2(M;C'^) and A e L^{R; C{C'^)). Also, we remark on 
an earlier paper by R. Sacker [43], where the "if -part of this result and the 
index formula were proved in the framework of linear skew-product flows over 
the hull of A. For further developments of the latter approach see [23,44,50], 
and the bibliographies therein. 

The Dichotomy Theorem is important in many questions of finite dimensional 
dynamics. This theorem is instrumental in the study of spectral stability of 
travelling waves; see, e.g. [45] and numerous references therein. Motivated by 
applications to the study of partial differential equations, several steps have 
been made to generalize the Dichotomy Theorem for infinite dimensional set- 
ting and unbounded operators A{t). We mention here important results in 
[19], [21, Thm.1.1], [28], [31,32], [38, Thm.l], [42], [46, Thm.2.6], [53], see also 
the bibliographies in these papers, and the work of A. Baskakov [4]- [9]. Also, 
recently the infinite dimensional Dichotomy Theorem gained additional impor- 
tance due to connections with infinite dimensional Morse theory, see [2,3,19,41] 
and the literature therein. In the above mentioned papers infinite dimensional 
versions of the Dichotomy Theorem have been proved either for important 
particular classes of operators A{t), or under some additional assumptions on 
the solutions of the differential equation u' = A{t)u or its adjoint, or on the 
corresponding evolution family (the propagator of the differential equation). 
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These assumptions have been used to deal with the following principal dif- 
ferences between the finite dimensional and the infinite dimensional settings: 
(a) Difficulties to prove the closedness of the subspaces of initial data that 
generate solutions of the equation u'{t) = A{t)u{t) and, respectively, the ad- 
joint equation, that are bounded at -|-oo and, respectively, — oo (see, e.g., [44, 
Lem.7.6,7.11(A)], [38, Lem.2.3]); (b) That the propagator of the differential 
equation or/and its adjoint may have a nontrivial kernel (see, e.g., [4, Ass.l], 
[38, Hyp. 5], [46, Hyp.(Ul)]); and (c) That both stable and unstable dichotomy 
subspaces for the equation might be infinite dimensional (cf. [25,38,44,46,51] 
and see Examples 7.1 and 7.2 below). 

The main goal of the current paper is to prove an infinite dimensional version 
of the Dichotomy Theorem without any special restrictions on the opera- 
tors A{t). The corresponding differential operator is considered on the space 
Lp — Lp(]R; X), p e [1, oo), or on Co(R; X), the space of continuous X-valued 
functions vanishing at ±cx). The Banach space X is assumed ^ to be reflex- 
ive. Both the formulation and the proof of the Dichotomy Theorem in this 
unrestricted setting are quite different from the ones known in the literature. 

To achieve this goal, as our starting point, we consider not the differential 
equation u' = A{t)u, but a strongly continuous exponentially bounded evo- 
lution family {U{t,T)}t>T, t,T G M, on X. In particular, if the differential 
equation is well-posed (see Section 7 and cf. [15, p. 58] and [20, Def.VI.9.1]), 
then U{t,T) is its propagator (Cauchy operator). A more important infinite 
dimensional issue is related to the definition of the operator G in (1.1). A quite 
natural first try is to define G, {Gu){t) — —u'{t) +A{t)u{t), say, on Lp, as an 
operator with the domain 

domG = Wp n {u e Lp : u{t) e domyl(t) a.e., A{-)u{-) e Lp}, (1.2) 

where = Wp{R;X), p e [l,oo), is the Sobolev space so that = 
dom{—d/dt). This choice of G, however, appears to be unnecessarily restric- 
tive since this operator might not be closed, see, e.g., [47, Sec. 2(c)]. To settle 
this issue, we consider instead a certain closed extension, G, of the operator 
G. The operator G is the generator of a so called evolution semigroup {T*}t>o 
on Lp or Go{M.;X), see Lemma 1.3 below. Recently, the evolution semigroups 
and their generators have been successfully used to characterize stability of 
evolution families, and their exponential dichotomy on M, see [15,47] and the 
bibliographies therein, [7,11,34,35], and also [17, Lem.IV.3.3] and [27, Chap. 10] 
for more classical but related approach. However, the complete characteriza- 
tion of the Predholm property of the generator of the evolution semigroup 
given in this paper appears to be new. Our principal result reads as follows. 



We suspect that one can remove the reflexivity assumption, mainly used in Propo- 
sition 3.4, but prefer not to pursue this here. 
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Theorem 1.1 Assume that {U{t,T)}t>T, t,T & M, is a strongly continuous 

exponentially bounded evolution family on a reflexive Banach space X , and 
let G denote the generator of the associated evolution semigroup defined on 
Lp{R;X), p e[l,oo), or onCo{R;X). Then 

the operator G is Fredholm (1.3) 

if and only if there exist a < b in M. such that the following two conditions 
hold: 

(i) The evolution family {U{t^T)}t>T h^L^ exponential dichotomies {P^}t<a 

and {Pt'}t>b on (— cxo,a] and \b,oo), respectively; 
(a) The node operator N{b,a), acting from KerP~ to KerP^^ by the rule 
N(b, a)^{I - Pb)U{b, a)|Kerp-; is Fredholm. 

Moreover, if (1.3) holds, then dimKerG = dimKer A'"(6, a), codimlmG = 
codimlm A^(6, a), and ind G = indiV(6, a). 

Recall that a pair of subspaces (TV, V) in X is called a Fredholm ]:>air provided 
aiyV, V) := dim(W^ (IV) < oo, the subspace W + V is closed, and l3{W, V) : = 
codim(W^ -\-V) < oo; the Fredholm index of the pair is defined as ind(iy, V) = 
a{W, V) — P{W, V), see, e.g., [24, Sec.IV.4.1]. Theorem 1.1 can be equivalently 
reformulated as follows. 

Theorem 1.2 Under the assumptions in Theorem 1.1, (1.3) is fulfilled if and 
only if the following two conditions hold: 

(i') The evolution family {U{t,T)}t>T has exponential dichotomies {P^}t<o 

and {Pt}t>o on ]R_ and ]R_|_, respectively; 
(ii') The pair of subspaces (KerPQ",ImPQ") is Fredholm in X. 

Moreover, if (1.3) holds, then dimKerG = Q;(KerPo~,ImPo'); codimlmG = 
/3(Ker Pq", ImPo+), and ind G = ind(Ker Pq", ImPo+). 

Note that A^(0,0) = (/ - Po )\Kerp- '■ KerPo" KerPo+, and one can show 
that condition (ii') in Theorem 1.2 is equivalent to condition (ii) in Theorem 
1.1 with a — Q — b, see Lemma 5.1 below. 

Let J be one of the intervals IR+, ]R_, or R. Recall that a family {f/(t, T)}t>T-, 
t,T G J, of bounded linear operators on X is called a strongly continuous 
exponentially bounded evolution family on J if: (1) for each x & X the map 
(i, r) I— > U{t,T)x is continuous for all i > r in J; (2) for some G M the 
inequality sup{||e-'^(*"^)f/(t, r)|| : t,T E J,t > t} < oo holds; and (3) U{t, t) = 
/, U{t,T) = ult,s)U{s,T) for aU t > s > r in J. We say that {U{t,T)}t>r 
has exponential dichotomy {Pt}teJ on J with dichotomy constants M > 1 and 
q; > if Pt, i G J, are bounded projections on X, and for alH > r in J the 
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following assertions hold: 



(i) U{t,T)Pr = PtU{t,T) (intertwining property), 

(ii) the restriction r)|KerP^ of the operator U{t,T) is an invertible oper- 
ator from KerP,- to KerP^; 

(iii) the following stable and unstable dichotomy estimates hold: 



For the notion of exponential dichotomy we refer to the classical books [22,27], 
and to newer work in [15,16,20,47,50], and the extensive bibliographies therein. 
Note that (i)-(iii) imply that for every x G X the function t PfX is continu- 
ous on J and sup^^j ||Pt|| < oo, see e.g. [34, Lem.4.2] or [17, Lem.IV.l.l,IV.3.2]. 

Recall that the evolution semigroup {T*}(>o is defined on Lj,(M; X),p e [1, oo), 
or on Co(R; X), by the formula T^u{t) = U{t, t - t)u{T -t),T eR, see [15]. 
This is a strongly continuous semigroup, and wc let G denote its generator. 
Alternatively, the generator G can be described as follows (see [15, Prop. 4. 32], 
and cf. [6, Thm.l], [34, Lem.1.1], [35, Lem.1.1]). 

Lemma 1.3 A function u belongs to the domain domG of the operator G 

on Lp(M;X), p e [l,C)o), resp., on Cq{M.\X), if and only if u & Lp(M;X) fl 
Co(M;X), resp., u e Cq{^]X), and there exists an f & Lp(M;X), resp., f e 
Co(M;X), such that 



If (1.4) holds, then Gu = f . 

We stress that (1.4) is a mild reformulation of the inhomogeneous differential 
equation u'(t) = A(t)u(t) + f{t), t G M. If {f/(t, r)}(>^ is the propagator of 
a well-posed differential equation u'{t) = A{t)u{t), t G M, with, generally, 
unbounded operators A{t), then the set domG from (1.2) is a core for G, see 
[15, Thm.3.12] and [47, Prop.4.1]. Thus, if the operator G with the domain 
domG from (1.2) is a closed operator on Lp(R;X), p G [l,oo), resp., on 
Co{R;X), then G = G. 

Under an a priori assumption that assertion (i) in Theorem 1.1 holds, the 
equivalence of (1.3) and (ii), and the index formula, have been studied in [5, 
Thm. 4] and in [9, Thm. 8] . Therefore, in the current paper we will concentrate 
mostly on the main new contribution which is a proof of the implication (1.3) 
(i') in Theorem 1.2. Our strategy is to pass from the differential operator 
G on Lp(M.]X), p G [l,oo), resp., on Co(M.]X), to an associated difference 
operator, D, defined on the space ^p(Z;X), p G [1,cxd), resp., on the space 



\\U{t,T)\,^P, 



< Me-"(*-") and ||(t/(t, r)|KerpJ"i < Me'^^*-"). 




for all t > T in M. 



(1.4) 
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co(Z; X) of sequences vanishing at ±00, by the rule 

D : iXn)n&Z ^ (Xn-U {u, 71 - l)Xn-l)n&- (1-5) 

This strategy has a long history that goes back to D. Henry [22, Thm.7.6.5]. 
It was successfully used to treat the dichotomy on IR and invertible operators 
G, see [8, Thm.2], [7, Thm.2], [26, Lem.3.3], [13, Sec.5], [15, Thm.4. 16,4.37] 
(and also [15, Thm.7.9] and [39, Thm.4. 1] or [50, Thm.45.8] for a related 
case of linear skew-product flows on Banach spaces). The justification of this 
strategy for dichotomies on IR+ and ]R_ and Fredholm operators G is given in 
the following theorem (cf. [4, Thm.2], [6, Thm.l] and [52, Thm.2]). 

Theorem 1.4 Assume that {U{t,T)}t>T, t,T & W, is a strongly continuous 

exponentially bounded evolution family on a Banach space X, let G denote the 
generator of the associated evolution semigroup on Lp(]R; X), p G [1, oo), resp., 
Co(M;X), and let D he the difference operator on £p(Z;X), p G [1, oo), resp., 
oncQ{Z;X), defined in (1.5). ThenlmG is closed if and onlyiflmD is closed, 
and dim Ker G = dim Ker D and codim Im G = codim Im D. In particular, the 
operator G is Fredholm if and only if D is Fredholm, and ind G = indD. 

By the following simple lemma, an exponential dichotomy on Z± extends to 
an exponential dichotomy on M-t (cf. [22, Ex.7. 6. 10]). 

Lemma 1.5 Assume that {U{t,T)}t>T, t, r G M, is a strongly continuous ex- 
ponentially bounded evolution family on a Banach space X. The discrete evo- 
lution family {U {n, m)}n>m, n,m & Z, has an exponential dichotomy {-P^}n>o 
on Z+, resp., {Pn}n<o on Z_, if and only if the family {U{t, T)}t>T, t,T eW, 
has an exponential dichotomy {Pt^}t>o on R+, resp., {Pf}t<o on R_. 

Therefore, the assertion (1.3) =^ (i') required for the proof of Theorems 1.1 and 
1.2, follows from our next theorem (this main technical result of the current 
paper is proved in Section 4). 

Theorem 1.6 Assume that X is a reflexive Banach space, and the operator 
D is Fredholm on ip{Z; X), p E [1, oo), or on Co(Z; X). Then the discrete evo- 
lution family {U{n,m)}n>m) n,m eIa, has exponential dichotomies {-P^}n>o 
and {Pn}n<Q on Z+ and Z_, respectively. 

Our strategy of the proof of Theorems 1.1, 1.2, and 1.6 is as follows. We will 
identify a family of subspaces {X„^i}nGZ in ^ that is C/(n, m)— invariant in 
the sense that U{n,m)[X^^) C X^-^ for n > m in Z, see Section 2. Next, 
we win show that the restricted evolution family {U{n.irn)\x^\}n>rn has a 
"punctured" exponential dichotomy {Pn}nei that is, we will show the 

following: (1) There exist projections Pn defined on that intertwine the 
operators U{n,m)\x^\ for n > m > and for > n > m; (2) the stable and 
unstable dichotomy estimates hold for the operators U{n,m)\x^\ restricted 
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on the subspaces ImPm and KcrPm; and (3) there is a surjective reduced 
node operator acting from KerPg to KerPi. Further, we will identify a family 
of subspaces in X*, the adjoint space, such that a corresponding family of 
restrictions of the adjoint operators U{n,m)* , n > m, enjoys similar properties 
for a family of projections {-Pn,*}nez defined on certain subspaces of X*. The 
punctured dichotomies just described are constructed in Section 3. To conclude 
the proof of Theorem 1.6, we define in Section 4 the dichotomies {Pn}n>o and 
{-Pn }n<o using {Pnjnez and {(P„,*)*}nez- In Section 5 we finish the proof of 
Theorems 1.1 and 1.2. This includes a proof (based on a new approach) of 
the fact that (i) and (ii) in Theorem 1.1 imply (1.3), and the formulas for the 
defect numbers and index. Theorem 1.4 and Lemma 1.5 are proved in Section 
6. Finally, in Section 7 we discuss several special cases when conditions of 
Theorems 1.1 and 1.2 could be easily checked, and briefiy mention several 
classes of problems where these theorems could be applied. 



2 Notation and Preliminaries 



Notation. We denote: M+ := {t G M : t > 0}, M_ := {t G R : t < 0}, 
Z+ := {n G Z : n > 0}, Z_ := {n G Z : n < 0}, T = {A G C : |A| = 1}; 
X is a Banach space; X* is the adjoint space; A*. domA, Ker A and 1mA 
are the adjoint, domain, kernel and range of an operator A; a{A), p[A) and 
sprad(74) denote the spectrum, the resolvent set, and the spectral radius of A; 
symbol A\y denotes the restriction of A on a subspace Y (Z X; the Banach 
space of bounded linear operators from X to F is denoted by C{X,Y); a 
generic constant is denoted by c. We use boldface to denote sequences, e.g., 
X = {xn)nez, Xn G X. For n G Z the n-th standard ort in £p(Z; X) or Co(Z; X) 
is denoted by e„ = {^nkjk&i where 5nk is the Kronecker delta. If x G X then 
we denote by x (8) e„ = {xSnk)ke'z the sequence x (8) e„ = {xk)kez such that 
Xn — x and Xk — ^ ior k ^ n. 



For subspaces Y <Z X and Y^ C 
all X eY} and Y^^ ^ {x e X : 
(X,X*)-pairing. li X = Xi®X2 
{XiY = X^ and (X2)* = X^. If 
on X* with ImP* = (KerP)^ = 
If (P, Q) is a pair of projections 
X = ImPeKerP and X = Im 
be written as the following (2 x 



X* we denote Y^ ^ e X* : {x, = for 
(x,^) — for all ^ G y*}, where (•, •) is the 
, a direct sum decomposition, then we identify 
P is a projection on X, then P* is a projection 
= (ImP)* and KerP* = (ImP)^ = (KerP)*. 
on X, then in the direct sum decompositions 
Q © Ker Q any operator A bounded on X can 
2) operator matrix: 



A 



P 
I -P 



A[Q I-Q] 



PAQ PA(I - Q) 

(I - P)AQ (I - P)A(I - Q) 



(2.1) 
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If AQ = PA then this matrix is diagonal with the diagonal entries being 
^limQ and AlxcrQ- If A{lmQ) C ImP, or AQ — PAQ, then we identify 
^limQ = : ImQ — > ImP, and write 

UllmQ PA{I-Q) 
[ {I-P)A\KerQ 

For brevity, we denote: Lp = Lp{R;X), ip = ip{I.;X), iq^^ = Eq{Z;X*), cq = 
Co(Z;X), Co,* = Co(Z;X*), and remark that = f^,* for p G [1,cxd), q e 

(1, oo], + = 1, and (cq)* = if X is reflexive then (cq,*)* = £i. 

Fibers of the kernel and cokernel of D. In Sections 2. 3, and 4 we 
assume that the operator D from (1.5) is Fredholm on £p(Z;X), p G [l,oo), 
or on cq{Ij]X). Consider the operator D* adjoint of D: 

D* : iCnUz ^ - U{n + 1, n)*^„+i)„ez. (2.3) 

If the operator D is acting on £p, p e [l,cx3), resp., on cq, then the adjoint 
operator D* is acting on Iq^^, q e (l,oo], resp., on and for sequences 
{xn)nez and (^n)nGZ from the spaces of X- or X*-valued sequences we have: 

KerD = {{xn)n€Z '■ Xn = U{n,m)xm for all n > m in Z}, (2.4) 
Keri:>* = {i^n)nez ■ Cm = U{n,m)*in for all n > m in Z}. (2.5) 

For each n e Z we define the following subspaces: 

Xn : — {x & X : there exists {xkjkez € KerD so that x — (2.6) 
Xn,* : = {C e X* : there exists {^k)k& £ KerD* so that ^ = C„}. (2.7) 

Lemma 2.1 For all n ^ Z and m E ZjUi < n, the following assertions hold: 

(i) dimX„ < dimKerD < oo and dimX„^* < dimKerZ)* < oo, ^ 

(a) U{n,m)Xm C Xn; moreover, the operator 

U{n,m)\xm '■ is invertible; 

(Hi) U{n,m)*Xn^^ C Xm,*; moreover, the operator 

C/(n, m)*|x„,. : X^,^ Xm,* is invertible; 

(iv) C/(n, m)X^^ C X^j: and codimX^;^ = dimX„^* < oo; 
U{n,m)*Xn C X^ and codimX^ = dimX„ < oo; 

(v) Xn^ Xn^ and Xn,^ C X^. 

PROOF, (i) follows from the definition of Xn and Xn,* since D is Fredholm. 

(11) Fix X e Xjn, and pick a sequence {xk)k£Z G Ker D such that x — x^. 
Using (2.4), we have x„ = U{n,m)xm- Since {xk)kez £ KerD, this shows that 

^ In fact, dimXn = dim Ker D and dimX„^* = dimKerZ)*, see Corollary 4.1. 



(2.2) 
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U{n,m)xm £ Xn by the definition of X„. Since dimX„ < oo, in order to show 
that the operator U{n,m)\xrn '■ Xn is invertible, it suffices to check 

that it is surjective. So fix an a; G X^ and pick a sequence {xk)kez G KerD 
such that X — Xn- Using (2.4), we have x„ = U{n,m)xm. By the definition 
of Xm, we have Xm G Thus x — U{n,m)xm for some Xm G Xm, and 
U{n,'m)\xm '■ Xn is an isomorphism. 

(iii) Exactly as in (ii), using (2.5) instead of (2.4). 

(iv) For y G we have {y,^) = for all G Xm,*- If G Xn,* then 
U{n,m)*rj G X^,* by (ni) and {U{n,m)y,rj) = {y,U{n.im)*r]) — 0. Thus, 
U{n,'m)y G X^^^. The proof for U{n,m)* is similar. 

(v) Fix X G Xn and ^ G X„^^., and pick sequences {xk)kez G KerD and {Ck)kez G 
Ker D* such that x — Xn and ^ = ^n- Then 

feGZ k>n k<n 

A;>n fe<n 

= XI (^"' ^ + X 

fe>n k<n 

fe>n fc<n A;€Z 

where (2.4) and (2.5) have been used. Thus, (x,^) = 0. □ 

Invertibility of a part of D. Let X^ C X^^ denote any direct complement 
of the finite dimensional subspace X^ in X^^. Let denote any direct com- 
plement of the finite codimensional subspace in X. We have the following 
direct sum decomposition: 

X = x^^ e = x„ e < © y„, ne z. (2.8) 

Define the following closed subspace of ip{Z; X), p & [1, oo), or of Co(Z; X): 

^ — {(?/n)nGZ : Vn G X^^ for each n G Z}. (2.9) 
Lemma 2.2 Operator D leaves T invariant, and D\j7 is surjective on T . 

PROOF. If yn G X„^i and y^-i G X„^i_, then y„ - C/(n,n - l)?/„_i G X„^i 
by Lemma 2.1(iv), and DT C T . To see that D\j: is surjective, we claim, first, 
that T C ImZ^. Since D is Fredholm, its range is closed. Therefore, ImD is 
the set of sequences y such that (y, ^) = for all sequences ^G Ker D*. So, to 
prove the claim it suffices to show that y±^ for all sequences y = {yn)n&. G T 
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and ^= (^n)nez e KerD*. If {Cn)nei. e KerD* then G for all n G Z by 
the definition of X* „. If {yn)n& ^ then y„ e -'^^^i by the definition of 
and the claim is proved. 

Next, fix y = {jjk)k& e T dlmD and find an x = {xk)kGZ e X), rcsp., 
X e Co(Z; X), such that Dx = y or, in other words, such that for each n e Z 
and all A; e N the following identity holds: 

Xn^U{n,n- l)xn-i + yn ^ U{n,n - l)[U{n - l,n - 2)a;„_2 + Z/n-i] + Z/n 

fc-i 

^ ... = U{n,n- k)xn-k + j)V3- 

3=0 

To prove the surjectivity of D\jr on JF, wc need to show that Xn G X„;j: for each 
n G Z. Fix ^ G X^^^, and pick a sequence (Cfe)fcez ^ KerZ^* such that ^ = 
By (2.5) we have U{n,n-k)*^n = Cn-fe- Since (|/fc)fcGZ e ^, by Lemma 2.1(iv), 
we have U{n,n- j)yj G X„:|: and {U (n, n - j)yj, = 0. Then 

\j=0 I 
= (a^n-fe, in-k) ^ as ^ OO 

since — > as A; — > oo for the ^p-, resp., co-sequence x. Thus, ^) = 
as claimed. □ 



Recall that Xq is a direct complement of Xq in Xq ;^, see (2.8). Define the 
following closed subspace ol see (2.9): 

^0 := {{xn)n&z G JF : xo G Xq}. 
Let Dq denote the restriction D\jr acting on T with the domain dom Dq — Tq. 

Lemma 2.3 Operator Dq is invertible on T , that is, for each {zn)nez G ^ 
there exists a unique {xn)n& G -^o such that D{xn)nez = (-2n)nez- 



PROOF. By Lemma 2.2, for each z = (-2„)„ez ^ ^ there exists a sequence 
y = {Vnjnei £ ^ such that Dy = z. By the definition of we have i/„ G X^-^. 
Using the decomposition Xq ;^ = Xq © Xq, represent yo = y + y', where y G 
Xq and y' G Xq. According to the definition of Xq, there exists a sequence 
{wn)n^x £ KerD such that Wq — y. Let Xn = yn — Wn, n G Z. Since y„ G X^^ 
and Wn G X„ C X„;^, see Lemma 2.1(v), wc infer that x = {xn)nei ^ ^- But 
Xq = yo — WQ = yo — y = y' & Xq. Thus x G J-'q. Since {wn)n& G KerZ^, we also 
have Dx = Dy = z. To prove uniqueness, assume that x G JFq and x G Ker D. 
By the definition of X„ we have x„ G X„ for all n G Z. In particular, G Xq. 
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But {xn)nez G ^0 Hieans that xo £ Xq. Since Xq fl Xq = {0}, we have xq = 0. 
Since x G KerD, by (2.4) we conclude that Xn = U{n,0)xQ = for n > 0. 
Also by (2.4), we note that = Xq = U{0,n)xn for n < 0. By Lemma 2.1(ii), 
U{0,n)\x„ '■ Xn — > Xq, n < 0, is invertible, and thus Xn G X„ implies = 
for n < 0. □ 



3 Punctured Dichotomies 

Dichotomy for C/(n, m). We will now use the invertibihty of Dq on T to 

show that the family of the restrictions U{n, m^lx^^ '■ X^^^ X^-^ has a cer- 
tain exponentially dichotomic behavior on Z (a dichotomy on Z "punctured" 
at m = 0). Recall that in this section D is assumed to be Fredholm. 

Proposition 3.1 There exist a family {Pn}n£Z of projections defined on X^^ 
such that sup„g2 ||-Pn|| < oo, and constants M > 1 and a > such that: 

(i) If n > m > or if > n > m, then 

PnU{n,m)x — U{nm)PmX for all x e X^^^. (3.1) 

For the restriction C/(n, m)|imp^ : lva.Pm — > IniP„ we have: 

||t/(n,m)|i^P^|| <Me-"("-"); (3.2) 

(a) Ifn > >m and x e X^\, then U{n, m)PmX — PnU{n, 0)yQ, where y'^ e 
Xq is the component of y = U{0, m)x in the representation y = yo + v'q, 
yo G Xq, corresponding to the direct sum decomposition Xq^ = Xq ©Xq. 
Here, Xq is any direct complement of Xq in Xq ;^; 

(Hi) Ifn>m>OorifO>n>m then the restriction U{n,m)\KeTPm '■ 
KerP^ — > KerP„ is an invertible operator, and 

II (t/(n,m)|KerP^)-M| <Me-"("— ); 

(iv) lfn>0>m then the reduced node operator N{n,m) defined as 

N{n,m) := (/ - Pn)U{n,m)\KerPr^ ■ KerP^ KerP„ 

is surjective with KerX(n, m) = X^. 

PROOF. Define on a closed linear operator T with the domain domT = 

JFq by the rule T : {xn)nez ^ {U{n,n - l)xn-i)nez- such that Dq = I - T. 
Note that although the domain of T is not dense in JF (unless Xq = {0}), 
all standard facts from the spectral theory of closed linear operators are still 
valid for T (see [18, Ch. VII,§9]). In particular, we can use the spectrum, the 
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resolvent set, and the resolvent of T, that is, the operator {XI — T) ^, bounded 
on J^, for A e p{T). 

For each A e T, let V^(A) denote the isometry on defined by the rule V{X) : 
{xn)nez ^ (A"x„)„6z- Then 

V{X-^)TV{X) = X-^T, \X\ = 1. (3.3) 

Thus, cr(T) = T • (7(T), that is, cr{T) is rotationally invariant. Since 1 e p{T) 
by Lemma 2.3, we conclude that o"(T) flT = 0. Consider the Riesz projection 
V = (27ri)^^ jj;^|^j^(A — T)~^ciA for T on T that corresponds to the part of cr(T) 
inside the unit disc: 

ct(T\i^v) = (t(T) n {A e C : |A| < 1}. (3.4) 

Wc stress that V is a bounded operator on JF and ImV C J-'o since (A — 
T)^^ixn)nGZ £ dom T = J^o for each {xn)n£Z G J-' and A e T. In addition, the 
operator TV is defined on all of and is bounded, while the operator VT is 
defined only on J^q; however, TV D VT, that is, 

TV{xn)nez = VT{xn)nez for all {xn)nez e J^Q. (3.5) 

Also, by (3.4), sprad(T|iinp) < 1. The restriction TjKer-p is an operator on 
KerT' with the domain domTlxcrP = KerP H JFq and with the spectrum 
(^{Tl-Kcrv) = o'iT) n {A G C : |A| > 1}. In particular, TlxcrP is invertible in 
KerP and sprad((T|Ker-p)~^) < 1- Fix any positive a strictly smaller than 

- In max{sprad(r|iinp), sprad((r|Kerp)""^)}- 

Thus, there is a constant M > 1 such that: 

||(T|in,p)i < Me-"'^ and ||(r|Kerp)-i < Me-«^ k e Z+. (3.6) 

Next, we claim that there exists a family {Pn}nez of projections on X^^j: such 
that sup„gg ||P„|| < oo and V = diag^g^fP^], that is, for each {Xn)nez G ^ 
we have V{xn)n& = {PnXn)nez- Indeed, (3.3) and the integral formula for V 
imply V{X~^)VV{X) — V for all A e T. Since V commutes with the family 
{V{X) : |A| = 1}, by [4, Lem. 3] we conclude that P is a diagonal operator, 
that is, V = diag„g2[P„]. The operators P„ here are defined as follows: fix an 
x G and define P^x as the n-th element in the sequence V{x ® e„). Note 
that sup^gg ||-Pn|| = ll^ll < oo, and the claim is proved. 

Fix m G Z, take any x G X„j'^, and let x = a;(8>em- Note that x G provided 
either m ^ or m — and x G Xq. If x G J^o then (3.5) implies: 

TVx ^U{m + l,m)PmX e^+i = T'Tx = Pm+iU{m + l,m)x © e^+i. 
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Thus if m 7^ 0, or if m = and x G Xq, then U (m + l,m)PmX = Pm+iU{m + 
1, m)x. RecaU that if n > m then U {n, m) = U (n, m+l)f/(m+l, m). Using this 
we derive (3.1). For x = x^e^ we note that T-'x = U{m+ j,m)x®em+j G 
for J = 0, 1, ... , n—m provided either n>m>0, orO>n>m, om = 0>m 
and C/(0, m)x e Xq. Then the first inequality in (3.6) implies (3.2), and (i) in 
Proposition 3.1 is proved. 

Lemma 3.2 The following inclusions hold: 

Xn C KerP„ for n <0 and C ImP„ for n > 0. (3.7) 

PROOF. We present the proof for the ^p-case, the co-case is similar. By 
(2.6) and (2.4), if x e X„ then there is a sequence {xn)nGZ ^ ^p(^;-^) such 
that X = Xn and x^ = U{n,m)xm for all n > m in Z. Note that V{xn)nez — 
{PnXn)n& G Im P C JFq and thus by (3.5) we have T''V{xn)n& E ImV C 
for all A; e N. If {yn)n&. = T^{PnXn)n&, where yn = yn{k), then yn = 
U{n,n — k)Pn-kXn-k- Using (3.1), we have that ifn — A;>OorO>n then 
yn = U{n,n - k)Pn-kX„-k = PnU{n,n - k)xn-k- But (x„)„gz e KerD and 
thus U{n,n — k)xn-k — ^n- So, finally, 

yn — Pn^n for 71 > Or > 71. (3.8) 

By the first inequality in (3.6) we know that 

lim ||(|/„)„ez|kp = lim \\T''{PnXn)n&\\ej, = 0. 

K^OO fe— >0O 

But using (3.8) we have: 

ll(2/n)n.z||i = E Ibnf > E l^nf = E WPuXnlf- 
neZ n<0 n<0 

So, PnXn = 0, that is, Xn C Ker P„ for n < 0. 

To prove the second inclusion in (3.7), note that ((/ — Pn)xn)n& E Ker P. 
Since Tlxerp is invertible on KeiV and the second inequality in (3.6) holds, 
for each k & N there exists a sequence (yn)nez G J-'oHKerV, where yn = yn{k), 
such that T^{yn)n& ^ {{I - Pn)xn)n& and 

lim ||(z/„)„ez|k, = lim ||(r|Kerp)-'((/ - Pn)Xn)n&\W = 0- (3-9) 

fe— »oo fe— ►oo 

Using the equality Xn = U{n,m)xm and (3.1), we find that if 7^ — /c > or if 
> 7^ then the n-th element of the sequence T^{yn)ne'L — {{^ ~ Pn)xn)nez is 
equal to 

U{n,n- k)yn-k = {I - Pn)xn = {I - Pn)U{n, n - k)xn-k 
^U{n,n- k){I - Pn-k)xn-k- 
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In other words, Un-k ~ {I ~ Pn-k)xn-k £ Ker U{n,n — k). We claim that, in 
fact, this imphes that 

Un-k - (I - Pn-k)xn-k = provided n> k. (3.10) 
As soon as the claim is proved, we write: 

Il(yn)n6z||?^ = \\iyn-k)nez\\i^ > WVn-kW^ 

n>k 

= ^ ||(/ - Pn-k)Xn-kr = E IK^ - Pn)Xnr. 
n>k n>0 

Now (3.9) implies (/ — Pn)xn = 0, that is, X„ C KerP„ for n > 0. It remains 
to prove the claim (3.10). Recall that {yn)n& £ KerP and thus yn-k — {I — 
Pn-k)xn-k ^ Ksr P„_fc for n > k. So, it suffices to check that Kcr U{n + k, n) fl 
Ker Pn = {0} for all n > and any A; > 0. If n > and x G Ker U{n + k;n) Cl 
Ker Pn then the sequence x = x(8>e„ belongs to Ker THJ-'q. Note that for j eN 
we have T-'x — U{n + j, n)x ® e^+j. Thus, T^sc — since U{n + k, n)x — 0. 
Now the second inequahty in (3.6) implies that = HT'^xH^p > M^^e^'^HxH^p = 
M~^e"'^||a;||. Thus, claim (3.10) is proved, and the proof of the inclusions (3.7) 
and Lemma 3.2 is finished. □ 



To prove (ii) in Proposition 3.1, we first consider n — 1 and m = 0. We 
can now apply (3.5) for {xn)nei, = x ^ Bq only when x G Xq, and obtain 
U{l,0)PoX = PiU{l,0)x provided x G Xq. This implies that if n > m = 
then 

C/(n, 0)Pox = P„C/(n, 0)x for all x G X^. (3.11) 
Next, for n > > m, fix X G X^\ and denote y — U{0,m)x. Using 
the equality U{0,m)PmX = PoU{0,m)x from (3.1), we have U{n,m)PmX = 
U{n,0)U{0,m)PmX = U{n,0)Poy. Represent y = yo + y'o, where yo G Xq and 
y'o G Xq, and recall that PqI/o = by (3.7) in Lemma 3.2. Then, using equa- 
tion (3.11), we conclude: U{n,m)PmX = U{n,0)PQ{yo + y'o) = U{n,0)PoyQ — 
PnU{n,0)yQ, and (ii) in Proposition 3.1 is proved. 

To prove (iii) in Proposition 3.1, remark that by the second inequality in (3.6) 
we have the inequality \\{T\Kevpy'ixn)nez\\r < Me~°'''\\{xn)nez\\r- As soon 
as T^{xn)nei £ Ker T'n J^o for j = 0, 1, . . . A; — 1, we then have ||T''^(a:n)„gz||:F > 

Xn)nez\\T- In particular, T^{x (8) e^) — U{n + j,m)x ® Gm+j ^ 
if and only if either m > 0, or m + j < 0, or m = —j and f/(0, —j)x G Xq. 
This implies that \\U{m + k,m)x\\ > M~^e"'^'||x|| provided one of the following 
three possibilities hold: (a) m > 0, A; G 2+, x G KerP^; (b) m < 0, 
k ^ 0,1,..., -m, X G Ker P^; (c) m = 0, A; G Z+, x e X^n Ker Pq. This 
proves (iii). 

To prove (iv) in Proposition 3.1, we first consider the reduced node operator 
X(1,0) = (/ - Pi)[/(l,0)|KerPo : KerPo ^ Ker Pi. Note that KerAr(l,0) = 
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{x e KcrPo : U{l,0)x E Im Pi}. We claim that Xq = Ker A^(1,0). In- 
deed, f/(l,0)(Xo) = Xi C Im Pi by Lemma 2.1(ii) and (3.7), which impUes 
Xq C KeriV(l,0). To prove the inverse inclusion, assume that x G KerPg 
and U{l,0)x e Im Pi. Using Xq^ = Xq Q) Xq, decompose x — Xq + Xq. 
Then U{1,0)x'q = U{l,0)x - U{l,0)xo e Im Pi since U{l,0)x e ImPi by 
assumption and U{1,0)xq G Xi C ImPi by Lemma 2.1 (ii) and (3.7). Also, 
Xq G Ker Pq H Xq since Xq = x — xq and x G Ker Pq by assumption, and 
Xq E Xq C. Ker Pq by (3.7). Therefore, ® Cq G KeiV Pi J-'q and, using (3.6), 
we obtain for A; G N: 

||C/(A;,1)C/(1, 0)411 = \\U{k,0)x'Q\\ = \\U{k,0)x'Q^ek\U^ 

= ||r'=(4«)eo)||^, > M-^e"''\\x'Q^eQ\U^ = M-ie"^||x[,||. 

But then (3.2) for U{1, 0)x'q G ImPi implies H^qH = and thus x = Xq proving 
Ker7V(l,0) C Xq. 

Next, we show that for each y G Ker Pi there is an x G KerPg such that 
(/ - Pi)t/(1, 0)a: = y. Take y ® ei e KerP and find {xn)nez e KerP n J^q so 
that T{xn)n& = y ® ei. In particular, ?7(l,0)a;o = y for xq G KerPo n Xq. 
Then y = {I - Pi)y = (/ - Pi)U{l, Q)xq, and iV(l, 0) is surjective from Ker Pq 
to Ker Pi with Ker A^(l, 0) = Xq. 

To finish the proof of (iv) in Proposition 3.1 for any n > > m, we remark that 
U{n,m) = U{n,l)U{l,0)U{0,m) and (3.1) imply: {I - Pn)U{n,m){I - P^) = 
[{I-Pn)U{n,l){I-Pi)]N{l,0)[{I-PQ)U{0,m){I-Pm)]. Operators in brackets 
are invertible by (iii) , and the general case n > > m in (iv) follows from the 
case n — 1 and m — proved above. □ 



Dichotomy for U(n,m)*. In addition to Proposition 3.1, for the proof of 
Theorem 1.6 we will need to consider the following dual objects. For k > i in 
Z define an exponentially bounded evolution family {U^:{k , i)} k>e on X* by 
U^{k,i) = U{-i,-k)*. Let : {ikjk&i ^ (Cfc - U^{k,k - l)^k-i)kez denote 
the corresponding difference operator. Also, consider an operator, Djj, defined 
by the rule : (^„)„ez ^ (C». -U{n + l,n)*^n+i)nez on the following spaces: 
If D is acting on ip, p G (l,oo), then is considered on f^^. q G (l,oo), 
+ = 1, and then = D*, the adjoint operator of D. If D is acting 
on ii, then is considered on cq,*, and then (-Dfj)* = D. U D is acting on cq, 
then D(t is considered on £i_*, and then = D*. If j : {Ck)kez ^ iC-k)kez, and 
the operator is considered on the same sequence space as D^, then = 
jDf^j"^. Since D is Fredholm if and only if D* is Fredholm, we infer that 
is Fredholm, and therefore D^, is Fredholm. Moreover, ind-D* = indD. Apply 
(2.4)-(2.5) for and {U4k,e)}k>i, and remark that U^kJ)* = U{-i,-k) 
acts on X by the reflexivity assumption. Then, for sequences {Ck)kez and 
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{zk)k& from the corresponding sequence spaces, we infer: 



Ker = {{ik)k& : = U^k, i)^^, k > £}, 
Kei{D^)* = {{zk)kGZ ■ ze = U^{k,i)zk, k > i}. 



(3.12) 
(3.13) 



For A; G Z introduce subspaces Zj. ,^ C X*, resp. Z^. C X, resp. Zj^ C X*. for 
{U^{k, i)}k>e that are analogous to the subspaces Xn C X, resp. Xn,* C X*, 
resp. X^^ C X, for {U{n,m)}n>m, defined in (2.6) and (2.7): 

Zk,* — & X* : there exists (^e)eez e Ker so that ^ = ^k}, (3-14) 
= {-z e X : there exists {zi)e^z G Ker(£)*)* so that z — Zk}. (3.15) 



Lemma 3.3 For each k E Z we have Zk — X^k o-nd Zk,* — X^k,*- 

PROOF. By formulas (3.13) and (3.15), z E Zk ii and only if z = Zk for a 
sequence {z()e€Z such that z^ — U*{k,i)*Zk — {U{—i — k)*)*Zk — U{—i, —k)zk 
for all k > £. By formulas (2.4) and (2.6), x G X^ if and only if x = for a 

sequence {xn)ne'z such that x^ = U{n,m)xm for all n > m. Setting z_n = 
n G Z, thus proves Zk = X_k- The proof of Zk,* = X_k,* is similar. □ 

Apply Proposition 3.1 to the evolution family {U*{k,£)}k>t- This proposition 
gives the following assertions: a dichotomy for the restriction {U^{kJ,)\z^}k>i 
for /c > £ > and > A; > £, an analogue of Lemma 3.2, and the surjectiv- 
ity of the reduced node operator that corresponds to this restriction. Using 
Lemma 3.3, and setting n — —i and m — —k for n > m in Z, we now recast 
these assertions for the family {U{n,m)*\x±}n>m ^ follows (cf. Proposition 
3.1 and Lemma 3.2). 

Proposition 3.4 There exist a family {Pn,*}nez of projections defined on X^ 
such that sup^gg ||-fn,*|| < oo, and constants M > 1 and a > such that: 

(i) Ifn>m>OorifO>n>m then 



Pm,*U{n, m)*e = U{n, myPn,*i for all i G X^. 



(3.16) 



For the restriction t/(n, m)*|iinp^ „ : ImP„^* ImP^^* we have: 



\\U{n,my\iraP, 



(3.17) 



(a) If n >0 > m and ^ G X^, then 



U{n,myPn,*i = P™,.[/(0,m)*Co 



(3.18) 
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where E X^^, is the component of ( = f/(n, 0)*^ in the representation 
C = ^0 + Co? Co ^ ^0,*; corresponding to the direct sum decomposition 
Xq — Xq,* © -^0,*- -^ere, X^ ,^ is any direct complement of Xq^^ in Xq ; 
(Hi) Ifn>m>OorifO>n>m then the restriction C/(n, m)*|Ker p„,* '■ 
Ker P„_* — > Ker Pm,* is an invertible operator, and 

||(t/(n,m)*|KerP„,)-i < Me-"("-); (3.19) 

(iv) lfn>0>m then the reduced node operator N^{n,m) defined as 

N^{n,m) = (/ - Pm,*)U{n,my\Ker Pn,* ■ Ker P„,* Ker Pm,* (3.20) 

is surjective with Ker N^{n,m) — 

(v) The following inclusions hold: 

C Ker Pn^* for n> and X^^^ C Im P„ ,^ for n < 0. (3.21) 

Invariant direct complements. Recall the direct sum decomposition X — 
X^^ © Yn, see (2.8). It allows us to identify 

(Yn)* = {X^^y = Xn,., neZ. (3.22) 

Recall that dimX„_,, < oo by Lemma 2.1(i) and thus X^^* has a direct comple- 
ment in X*. Let Qn,* be a bounded projection on X* such that Im Qn,* = X^,^. 
By Lemma 2.1(iii) we have U{n,m)*{Xn,^) C X^^^,n > m, or 

U {n, m)*Qn,* = Qm,*U {n, m)*Qn,*. (3.23) 

Note that Yn is an arbitrary direct complement of the finitely codimcnsional 
subspace in X, and, generally, U{n,m)(Ym) ^ Yn- Using representation 
(2.2) with P = Qm,* and Q = Qn,* for A = U{n,m)* in the decompositions 
X* — ImQm,* © KerQm,* and X* — ImQn,* © KerQn,*, we will identify the 
restriction C/(n, m)*|x„,, and the operator U{n,m)*Qn^^ : * X^^^. This 
is a finite dimensional and, by Lemma 2.1(iii), invertible operator. By (3.22) 
and (3.23), (C/(n, m)*Q„,,)* = Q*n,.U{n,m)Ql^, : Y^ ^ Y^. 

If n > then X^,* C KerP„^^, by (3.21) and thus (3.19) implies 

||^7(n,m)*e|| > M-^e"("-™)||e|| for aU ^ G (3.24) 

Hence, \\{U{n,m)*Qn,*)-^\\c{Xm,.,x„,.) < Me-'^^"\ Passing to the adjoint in 
(3.23), and using (3.22), we conclude that the operator 

g;,t/(n, m) = Ql,U{n, m)Ql^, : F„ ^ Y^ (3.25) 

is invertible, and 

\\{Q:,Mn,m)Ql^,)-'\\ciYM < Me-<"\ n > m > 0, (3.26) 
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for any direct complement K„ of X^-^ in X. Next, we will identify the direct 
complement of X^-^ in X, n > 0, which is f/(n, m)-invariant. Fix any Yq such 
that ;^ ®Yo = X. For each n > define := {U{n, 0)yo : yo e >o}- 

Lemma 3.5 For all n > m > in Z+ the following assertions hold: 

(i) the subspace Wn is closed; 
(tt) X„_i ®Wn = X; 
(Hi) U{n,m)Wm Q Wn,n > m > 0; 

(iv) the restriction U{n,m)\wm '■ Wn is invertihle, and 

\\{U{n,m)\wJ~'\\ < Me-<--^\ (3.27) 



PROOF, (i) Inequality (3.26) and (3.25) for n > m = imply for all yo e Yq: 

(3.28) 

Thus, \\U{n, 0)yo\\ > c\\yo\\ for some c > 0, and (i) holds. 

(ii) To see X^j^ n W„ = {0}, assume that x — U{n,0)yo G X^^ for some 
yo e Yq. Since U{n, 0)* : X^^* — > ^o,* is an isomorphism by Lemma 2.1 (iii), if 
^0 £ -'^o,* then = U{n,0)*^n for some ^„ G Since x G X^^^, for each 
Co e Xo,* we have: {yo,^o) = {yo,U{n,0)*^n) = (t/(n, 0)7/0, Cn) = {x,^n) = 0. 
Thus, 7/0 £ -^0,*" ^ ^0 and yo = = x. 

To see (Wn+X„:^)^ = W,^nX„,* = {0}, assume that e W„^nX„,,. Then for 
each yo G Fo and x = U{n, 0)yo G W^n we have = {^n, x) = (C„, U {n, 0)yo) = 
{U{n,0)*^n,yo)- Thus, f/(n, 0)*C„ G (Fq)-^. On the other hand, C„ G and 
Lemma 2.1(iii) imply U{n,0)*^n e Xq,,. Thus ;7(n,0)*C„ = and = by 
Lemma 2.1 (iii), which finishes the proof of (ii). 

(iii) If X = U{m, 0)yo G Wm then U{n, m)x = C/(n, 0)t/o e M/'„. 

(iv) By (ii), we have (Wn)* — (X^^)-*- = Xn,*. By (iii), we are in the situation 
when f/(n, m)*|x„,, : Xn,* Xm,* is the adjoint of the operator U{n,m)\wm '■ 
Wm Wn- By (3.24), both (finite dimensional) operators are invertible, the 
norms of inverses are equal, and thus (3.24) implies (3.27). □ 

We proceed further with a construction of the direct complement of X;^, n < 
0, in X* which is ?7(n, m)*-invariant. Consider a direct sum decomposition 
X* = X^ © y„^*, n < 0, where Yn,^ is any direct complement of the (finitely 
codimensional) subspace X^ in X*. We may identify (i^n,*)* = {X^)^ = Xn- 
Define Wn,, = {U{0, nY^o ■ Co e Yq,,}, n<0. 
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Lemma 3.6 For all m < n < in the following assertions hold: 

(i) The subspace W^,^ is closed; 

(ii) X^®Wn^,^X*; 
(Hi) f/(n,m)*W„,, C Wm,^; 

(iv) the restriction U{n,m)*\wn,» '■ M^n,* ~^ M^m,* is invertible, and 

||(^7(n,m)*|H/„,J"i < Me-"("-"*). (3.29) 

PROOF. The proof is parallel to the proof of Lemma 3.5. Indeed, the in- 
clusion Xn C KerP„, n < 0, in (3.7) and Proposition 3.1(iii) imply that 
C/(0,n)|x„ ■ Xn ^ Xq is invertible with ||(C/(0, n)|x„)"l < Me'*'', n < 
0. Using any bounded projection Qn on X with ImQn = -^n; we identify 
U{Q,n)\x„ = U{0,n)Qn = QoU{0,n)Qn- Passing to the adjoint operator, cf. 
(3.28), we conclude that ||t/(0, n)*^|| > c\\^\\ for all ^ G lo,* = (^o)*- This gives 
(i), and the proof of (ii)~(iv) is identical (dual) to the proof of Lemma 3.5. □ 



4 Proof of Theorem 1.6 

PROOF OF THEOREM 1.6 FOR n > 0. First, consider n > 0. By 
Proposition 3.1 and Lemma 3.5(ii) we have a direct sum decomposition X — 
X^^ ® W„ = Im P„ ® Ker P„ ® W„, n > 0. Let P+ be a projection on X with 

Im P+ = Im Pn and Ker P+ = Ker P„ ®Wn, n> 0. (4.1) 

For n > m > 0, if X G Im P+ then U{n,m)x G Im P+ by (3.1). U x = y + z ^ 
Ker P+, where y G Ker P^, z G Wm, then U (n, m)x = U (n, m)y + U(n, m)z G 
Ker P+ by (3.1) and Lemma 3.5(iii). This gives U{n,m)P^ = P^U{n,m) for 
n > m > 0. From (3.2) we infer: 

l|t^(^,^)limP+ll = \\U{n,m)\i^pJ\ < Me-"("— ), n>m>0. 

The matrix representation (2.2) of the operator A — U{n,m)\f^^j. p+ in the 
decompositions Ker P+ = Ker Pm(BWm and Ker P+ = Ker P„©Wn is diagonal 
by (3.1) and Lemma 3.5(iii) with the invertible diagonal blocks U{n,m)\Kcr Pm 
and U{n,m)\wm- Then the operator 6'"(n, m)|Ker P™ is invertible; its inverse 
satisfies the estimate in Proposition 3.1(iii). The operator U {n, m)\wm satisfies 
(3.27). Thus, we have \\{U{n,m)\j^^^ p+)"i ^ Me-"^"-'") for n > m > 0. 

Next, consider n = 0. Recall that Xq is a direct complement of Xq in X^^, 
and that Xq C Ker Pq by (3.7) and Ker Pq C Xq ^ by Proposition 3.1. Denote 

Xq = Xq n KerPo. For each x G Ker Pq use the direct sum decomposition 
Xq = Xq ® Xq to write x — xq + Xq with unique G Xq, Xq G Xq. Then 
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G KerPo and thus x'q G Xq. So, Xq is a direct complement of Xo 
in Ker Pq, that is, © = Ker Pq. We claim that 

U{1, 0) : Xo ^ Ker Pi is an isomorphism. (4.2) 

Indeed, if x G Ker Pi then, by the surjectivity of the node operator iV(l,0) 
from Proposition 3.1(iv) there exists y G Ker Pq so that N{l,0)y = (/ — 
Pi)U{l,0)y = X. Use the direct sum decomposition Ker Pq = Xq ® Xq to 
write y — yQ-\- yo, where yo G Xq, yo G Xq. Since Ker A^(l, 0) = Xq, we have 
X = N{l,0)y = N{l,0)yo^ = (/ - P,)U{l,0)yo. Since G Xo C KerPo, we 
have Poyo = 0. But yo E Xq C Xq, and (3.11) then implies = f/(l, 0)Poyo = 
Pif/(l,0)yo. Thus, f/(l, 0)yo G Ker Pi, and f/(l,0)yo = (/ - Pi)f/(1, 0)yo = a;. 
Therefore, t/(l,0) : Xo ~^ Ker Pi is surjective. Next, if U{l,0)yo = for 
some yo G Xq C KerPo, then A^(l,0)yo = 0. Since Ker A^(1,0) = Xo by 
Proposition 3.1(iv), we have yo G Xq and thus yo — since Xq fl Xo = {0}. 
This proves (4.2). 

Define a projection Pq^ on X such that 

Im P+ = Im Po © Xo and Ker P+ = Fo © Xo (4.3) 

so that X = ImPo+ © KerPo+ by (2.8) and Xq^^ = KerPo © ImPo by Propo- 
sition 3.1. Recall that ImPi+ = ImPi and KerPi+ = Wi © Ker Pi, see (4.1). 
Note that we have C/(l,0)(Xo) C Xi C ImPi by Lemma 2.1(ii) and (3.7). 
Also, 

C/(l,0)(ImPo) C ImPi. (4.4) 

Indeed, using Proposition 3.1(ii), we have that if a; = Pox then U{l,0)x = 
U{l,0)Pox = PiU{l,0)y'o G ImPi. Thus, U{l,0)lmP^ C ImPi+. Also, we 
have that U{l,0){Yo) ^ Wi G KerP^ by Lemma 3.5(iii) and C/(l,0)(Xo) = 
Ker Pi C KerPi+ by claim (4.2). This proves C/(l, 0)(Ker P(+) C KerP+ and 
[/(l,0)Po+-PMl,0). 

For n > 2 and x G ImPo+ we have ||C/(n, 0)x|| = ||C/(n, 1)C/(1, 0)2;|| < 

Me-"("-^)||f/(l,0)a;|| < M'e-""||a;|| because U{l,0)x G ImPi+. Also, the re- 
striction U{n,0)\^^j^^p+ = U{n, 1)Ikcip+^(1' 0)lKcrP+ invertible from KerPo"*" 
to KcrP+. Indeed, U{n, l)|KcrP+ • KerPi+ Ker P+ is invertible by the proof 
of dichotomy for n > 1. Also, f/(l, 0)|j^gj.p+ : KerPg"^ Ker Pi*" is a direct 

sum of two operators, f/(l,0)|i^, : Yq Wi and U{l,0)\x^^ : Xq Ker Pi. 
The first operator is invertible by Lemma 3.5(iv) and the second operator is 
invertible by claim (4.2). Exponential estimates for ||(^7(n, 0)|j^gj,p+)~^|| follow 
from the estimates for ||(C/(n, l)|KerP+)~''^ll- 

PROOF OF THEOREM 1.6 FOR n < 0. It is convenient to work on X* 
with the family {U{n,m)*}o>n>m- First, consider n < 0. By Proposition 3.4 
and Lemma 3.6(ii) we have the direct sum decomposition X* = X^ © Wn,* — 
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luiPn,* ® Ker Pn,* © Wn,*, n < 0. Let Rn,* be a projection on X* such that 

Imi?„^* = ImP„^* and Keri?„_* = Ker Pn,* © VFrj,*, n < 0. (4.5) 

As in the proof of Theorem 1.6 for n > 0, one checks for > n > m the 
following assertions: 

U {n, m)*Rn,* = Rm,*U {n, m)*; (4.6) 
||C/(n,m)*|i^K„J| <Me-"("— ); (4.7) 

the restriction ^7(n, m)*|KerR„,, : Keri?„^^ — > Keri?^^^ is invertible, and 

||(C/(n,m)*|Kerii„,J-i < Me-"('^-'"). (4.8) 

Next, consider n = 0. Let Xq ^ be a direct complement of Xq,* in Xq and 
recall that Xq,* C KerPg,* by (3.21). Denote Xq,* = -^o,* KerPg,*, so that 
KerPo,* = -'^o,* © Xq,*. Define a projection i?o,* on X* as follows: 

Im Po,* = Im Po,* © ^0,*, Ker Pq,* = >o,* © ^o,*- (4.9) 

We now prove that assertions (4.6)-(4.8) hold for > n > m (cf. the corre- 
sponding part of the proof of Theorem 1.6 for n > m > 0). Recall from (4.5) 
that 

ImP_i,, = ImP_i,,, KerP_i,, = KcrP_i,, © (4.10) 
Note that f/(0, -l)*(Xo,,) C X_i,, C ImP_i,, by Lemma 2.1(iii) and (3.21). 
Also, t/(0, -l)*(IniPo,*j C ImPli,* as in (4.4). Indeed, if C = ^o,*^ then 
C/(0, -1)*^ e ImP_i,* by (3.18). Thus, we have C/(0, -l)*(ImPo,*) C ImP_i,*. 
To prove C/(0, -l)*(Ker Pq,*) C KerP_i,*, we first remark (cf. (4.2)) that 

U{0, —1)* : Xo,* —>■ KerP_i^* is an isomorphism. (4-11) 

The proof of (4.11) is identical to the proof of (4.2) and uses the reduced node 
operator (3.20). Lemma 3.6(iii),(iv) implies that U{0, —1)* : Yq,* W^-i,* is an 
isomorphism. Thus, by (4.9), (4.10), and (4.11) we conclude that U{0,—1)* : 
KerPo,* — > KerP_i^* is an isomorphism. So, C/(0, — l)*Po,* = P_i,*[^(0, — 1)*. 
The estimates (4.7)-(4.8) for > n > m (with, generally, new M) follow from 
the estimates for > n > m that have been previously proved in Proposition 
3.4 and Lemma 3.5. 

To finish the proof of Theorem 1.6 for n < 0, we denote P~ — (P„,*)*, n < 0, 
and observe that ImP~ = Im(P„_*)* = (KerP^^*)-*- = (ImP„^*)*, and 

KerP- - Ker(P„,*)* = (lmP„,,)^ = (KerP„,,)*. (4.12) 

Passing to the adjoint operators in (4.7)-(4.8), we have for > n > m: 

\mn,m)\irapj < Me-<"\ \\{U < Me-^^^-^\ (4.13) 
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and Theorem 1.6 for n < is proved. 



□ 



The next statement shows that the dimension of the kernel and cokernel of D 
is, in fact, equal to the dimension of the arbitrary fiber, cf. Lemma 2.1(i). 

Corollary 4.1 If D is Fredholm, then for each n ^ "L we have dimX„ — 
dimKerD and dimX„ * = dimKerD*. 

PROOF. Fix X E Xn, and let Xk = U{k,n)x for A; > n. By Lemma 2.1(ii), 
Xk G Xyfc. Using (4.1) and Lemma 3.2, for k > max{n, 0} we have Xk € ImP^. 
Thus, \\xk\\ < ce~°'^ for A; > 0. If < n then by Lemma 2.1(ii) there exists 
a unique Xk G X^. such that x — U{n,k)xk- Using (4.5) and (4.12), for k < 
min{0,n} we have KerP^ = (Imi^fe,*)"*" — (Imi-fc,*)"*" D X^ since ImP^ * C 
X^ in Proposition 3.4. Thus, = ||C/(n, /i;)xfc|| > ce~°^||a;fc|| or \\xk\\ < ce"*^ 
for k < 0. Therefore, starting with an x G X„, we obtain an exponentially 
decaying as \k\ oo sequence {xk)kei such that Xk = U{k,m)xm for all 
k > m in Z. Thus, {xk)k£Z G KerD, and we can consider a well-defined and 
injective linear map j„ : X^ — > KerD : x ^ {xk)k&- K is surjective by 
the definition of Thus, X^ and KerD are isomorphic. Similarly, X„ * is 
isomorphic to KerD*. □ 



5 Proof of Theorems 1.1 and 1.2 

In this section, in Proposition 5.2 we show that if D is Fredholm then the 
discrete node operator N{n,m), n > m in Z, is Fredholm, and that indD = 
ind N{n, m). Thus, Theorem 1.6 and Proposition 5.2 in combination with The- 
orem 1.4 yield the implication (1.3) =^ (i) and (ii) in Theorem 1.1. Finally, 
to complete the proofs of Theorem 1.1 and 1.2, we show that (i) and (ii) in 
Theorem 1.1 imply (1.3). 

Consider two families of projections, {Pn}n<o and {Pn}n>o- For n > > m 
we define the discrete node operator N{n, m) as follows: 

7V(n,m) - (/ - P+)t/(n,m)|Ke.p- : KerP" ^ KerP+. 

Note that Ar(0, 0) = {I-P^) Ixerp- acts from Ker Pq" to Ker , and iV(0, 0) = 
(/ — Po'")(/ — Po~)|Kerp-- First, we reformulate the fact that A'"(0, 0) is Fredholm 
in terms of the associated Fredholm pair of subspaces. 

Lemma 5.1 // {Pq , Pq) is a pair of projections on X, then the node operator 
N{0, 0) = (-^ — -Po^)|KerP~ ^ Fredholm operator from Ker Pq" to Ker Pq" if and 
only if the pair of subspaces KerPg" and ImPg" is Fredholm in X. Moreover, 
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dimKer Ar(0,0) = a(Kcr Pq^, Im Po+), codimlm Ar(0, 0) = P{Ker Pq ,ImPf^), 
and ind iV(0, 0) = ind(Ker Pq" , Im P^) . 



PROOF. By the definition of iV(0, 0) we have Ker N{Q, 0) = Ker Pq" nim P^ . 
We claim that Im A^(0, 0) Im P^ = Ker Pq" + Im P^ . Indeed, if x e Ker Pq 
then y = A^(0,0)a: = x — Pq~x G KcrPg" + ImPg", and the inclusion "c" 
holds. To prove the inclusion "d", take a z = x + y with x G KerPp" and 
y G ImPo+. Then (/ - P^)z = (/ - P^)x G Im Ar(0, 0), and z = {I - P^)z + 
PqZ G ImA'"(0,0) © ImPo*". Using the claim, ImA'"(0, 0) is a closed subspace 
in KerPj*" if and only if KerPg" + ImPg"*" is a closed subspace in X, and 
dim(Ker P^ / Im iV(0, 0)) = dim(X/(Im A^(0, 0) ©Im P^) = /3(Ker Pq", Im P^) 
for the quotient spaces. □ 

Proposition 5.2 If D is Fredholm on ip{Z;X), p G [l,oo), or on Co{Z;X), 
then the discrete node operator N{n,m), n > > m, is Fredholm. Moreover, 
dim Ker D — dim Ker N{n, m), codim \mD — codim Im N{n, m), and ind D — 
m.(\N{n, m). 



PROOF. Consider the dichotomies {P^}n>o and {P„ }n<o for {U (n, m)}n>m-i 
obtained in Theorem 1.6. Note that N{n,m) = N{n,0)N{0,0)N{0,m), n > 
> m, and that operators N(n, 0), n > 0, and A'"(0, m), > m, are invertible. 
Thus, it suffices to prove that iV(0, 0) is Fredholm and indiV(0,0) = indil'(= 
dimXo — dimXo,*), see Corollary 4.1. We know that ImZ^ is closed, and want 
to derive that ImA^(0,0) is closed. First, we claim that if y = (/ — Po)x, 
x G KerPg", then y (g) eo G ImD. Indeed, define Xn = (^(0, n)|j^gj,p-)"^x for 
n < and Xn — U (n, Q)PqX for n > 0. Then for n < we have Xn — U{n,n — 
l)x„_i = (C/(0,n)|KerP-)-'^ - U{n,n- l){U{0,n- 1)\k.,p-J-'x = 0. Simi- 
larly, forn > we have Xn — U{n,n — l)x„_i = U {n, 0)PqX — U {n, 0)PqX — 0. 
For n = we have 

Xo - U{0, -1)X_1 = P+X - U{0, -l)(C/(0, -l)|KerP- )~'^ 

= P+x -{I- P-)X = P+x -x^-y, 

where we have used that x G Ker Pq". Thus, i/®eo G Im D as claimed. Second, 
we claim that if y (E) E Im D and y G Ker Pq'", then y G Im A^(0, 0). Indeed, 
for some x G £p(Z; X) we have Dx = y®eQ. Thus = Xn — U{n, 0)xq for n > 0. 
This implies Xq G ImPg"*". Also, = x_i — C/(— l,n)x„ for n < —1. Therefore 
x_i G KerPJi and C/(0, -l)x_i G KerPp"". Finally, y = xq - C/(0, -l)x_i 
yields that y = (I ~ P^)y = {I ~ P^)x^ - (/ - Po+)f/(0, ^l)x_, = -{I - 
Po+)f/(0, -l)a;_i G ImiV(0,0) since Xq G ImPo+ and f/(0, -l)x_i G KerPo", 
and the second claim is proved. Now assume y = limj^f^y^^\ where y^^^ G 
ImA^(0,0). By the first claim y'^^^ (8) eo G ImDJ G N. Since ImD is closed. 
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® Go = liiiij^oo y''-'-* ® Go G ImD. Since ImiV(0,0) C KerPg^, we also have 
y e Ker Pq". By the second claim y e Im A'"(0, 0), and thus Im A'"(0, 0) is closed. 

Next, we prove the formulas for the defect numbers. We have KerA^(0,0) = 
KerPo" n ImPo+. Thus, if x e KerA^(0,0) then ||x„|| < ce-°", for Xn = 
U{n,0)x, n > 0, since x G ImPg''. Also, < ce"", n < 0, for the se- 

quence {xn)n<o such that X = U{0,n)xn, n < 0, since x G KerPg". Thus, with 
this choice of Xn we have Xn = U (n, m)xm for all n > m, and {xn)n£'L G Ker D. 
Thus, X & Xq. On the other hand, 

KerPo" = (ImPo,*)^ = (ImPo,. © Xq,*)^ = (ImPo,.)^ n (Xq,*)^ 

by (4.12) and (4.9). Since Xq C ImPo+ C X^^^ by (4.3) and ImPo,^, C X^ by 
Proposition 3.4, we have Ker N{Q, 0) = Im n [X^^^ n (Im Po,*)^] = Im Po+ n 
(ImPo,.,)^ D Xq. So, KerAr(0,0) = Xq, and dimKer A^(0, 0) '= dimXo. Fur- 
ther, A^(0, 0)* = (/ — Pq)*{I — Pq)* is an operator acting from (Ker Pq+)* — 
Ker(Po+)* to Ker(Po-)* = (KerPg")*, and KeriV(0,0)* = Im(Po-)* nKer(Po+)*. 
A similar argument yields dim A^(0, 0)* = Xq,*. □ 



PROOFS OF THEOREMS 1.1 AND 1.2. Assume G is Fredholm. Then 
D is Fredholm by Theorem 1.4. By Theorem 1.6 there exist discrete di- 
chotomies on Z+ and Z_. By Lemma 1.5, there exist dichotomies {Pt^}t>Q and 
{Pf)t<x). This proves (i') in Theorem 1.2 and, therefore, (i) in Theorem 1.1 
for a = = 6. By Proposition 5.2 we also have that A^(0, 0) is Fredholm, and, 
using formulas for the defect numbers and index from Theorem 1.4, we derive 
(ii') in Theorem 1.2 and, by Lemma 5.1, (ii) in Theorem 1.1 for a = = 6, 
and the required formulas for the defect numbers and the index. It remains 
to prove that (i) and (ii) in Theorem 1.1 imply (1.3), see [5, Thm.4], and 
also [4, Thm.8] for the proof in the case when a = — 1 and 6 = 0. We will 
present a proof, different form [4], as well as from the corresponding proofs in 
[2,12,28,36,38,46] given in particular cases. Our proof is based on the following 
abstract fact from [29, p. 23]. 

Lemma 5.3 Assume that a hounded linear operator A acting on a direct sum 
Xi ® X2 of two Banach spaces has the following triangular representation: 



An 
A21 A22 



where An G jC{Xi), A21 G jC{Xi, X2), A22 G £(^"2). (5.1) 



Then A is Fredholm if and only if the following assertions hold. 

(i) ImAii is closed , and codimlmAn < 00; 
(ii) ImA22 is closed, and dimKery422 < 00; 

(Hi) If Ci := {x G Ai : X G Ker An and A21X G ImA22} then dim£i is finite; 
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(iv) If C2 := 1111^22 + ^21 (Ker^lii) t/ien codim £2 in X2 is finite. 

If (i)-(iv) holds, then dimKeryl = dimKer7422 + dim£i and codimIm74 ~ 
codim Im 74ii + codim C2 ■ 

By Theorem 1.4, it suffices to prove that D is Fredholm provided (i) and (ii) 
in Theorem 1.1 hold. We will present the proof for the £p-case, the CQ-case is 
similar. Passing to [a] — 1 and [6] + 1, if needed, where [■] is the integer part, 
we may assume that: (1) a, 6 e Z in Theorem 1.1; (2) the discrete evolution 
family {U{n,m)}n>m, n,m eZ, has dichotomies {P~}n<a and {P^}n>b', and 
(3) the discrete node operator N{b,a) = {I — Pi^)U{b,a)\j^^^_^.p- is a Fredholm 
operator from KcrP^^ to KcrP^"^. First, for A = D consider representation 
(5.1) for £p(Z; X) = A'l © X2 with = £p(Z n (-00, b];X) and X2 = £p(Z n 
[6+1, 00); X). Then An = , where = -D|^j,(zn(-oo,b];X), ^22 = D^, where 
Db ■ {xn)n>b+i ^ {xb+i, Xb+2 -U{b + 2,b + l)xb+i, ...), and A21 = D^, where 
Db ■ Mn<b ^ {-U{b + 1, b)xb, 0, . . .). Therefore, 

J^i = {{xn)n<b ■ {xn)n<b £ Kbt and 

i-U{b + l,b)xb,0,...)elmD+}, (5.2) 

A = {{xn)n>b+i + {-U (6 + 1, b)Xb, 0, . . .) : 

{xn)n>b+i e ImD^ and {xn)n<b e KerD^}. 

We will need a version of [4, Cor.l]. For a sequence {xn)n>b+2 denote 

00 

4+1 = - EiUib +l + k,b+ l)|Ke.P+ - Pbll+k)^b+l+k. (5.4) 

k=l 

The series in (5.4) converges by the unstable dichotomy estimate. 

Lemma 5.4 The operator is left-invertible on ipi^ fl [6 + 1, 00); X), and 

ImD^ = {{Xn)n>b^\ ■ {I - Pb+i)Xb+l = x'b^^}. (5.5) 



PROOF. To construct (D^) ^, the left inverse for D^, note that = 
I - 7;+, where : {xn)n>b+i ^ (0, t/(6 + 2,6 + l)xfe+i,...). Decompose 
T+ = e Tj+ , where , respectively, T^^ , is the restriction of 7;+ on the 
subspace of sequences {xn)n>b+i from £p(Z fl [6 + l,oo);X) such that ,x,„ G 
ImP^, respectively, G Ker P^, n > 6 + 1. Then T^^^^ is left invcrtible with 
the left inverse {T^^J'^ : {xn)n>b+i ^ iU{n + l,n)\f^^^p+y^Xn+i)n>b+i- By 
the dichotomy assumption, sprad(T^^^) < 1 and sprad((T^'*'^)~^) < 1, and thus 
(Dt)-' = Er=o(^6!;)' - Er=i(7t)-^ a calculation shows that D+iD+r' 
maps a sequence (x„)„>feH-i to the sequence {Pf^-^Xb+i + Xb^i,Xb+2, ■ ■ ■), see 
(5.4). Since ImD+ = Im(L>+(D+)-i), we obtain (5.5). □ 

Using the decomposition ip{Z (1 {—00, b]; X) ~ X-i® X2, where Xi = £p(Z n 
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(— oo,a — l];-'^) and X2 = [a, consider representation (5.1) for 

A = D^. We now have An = D~_^ = I?|£p(zn{-oo,a-i];X), and also A22 = Da,b, 

where Da,b ■ {Xn)a<n<b ^ {Xa, Xa+l -U{a+1, a)Xa, . . . ,Xb - U{b,b - l)Xb-l). 

In the representation ip{Z (1 [a,b];X) = X © ... © X {{b — a)— times) the 
operator Da,b is lower-triangular with identities on the diagonal and, hence, 
invertible. Using dichotomy {P~}n<a~i, similarly to the proof of Lemma 5.4, 
we conclude that D^_i is right-invertible. Since is lower triangular with 
the diagonal blocks -D^-i Da,b, it follows that is right-invcrtible. This 
and Lemma 5.4 imply that for the triangular representation (5.1) of D both 
assertions (i) and (ii) hold. Thus, to conclude that D is Predholm, it remains 
to prove that dim>Ci < 00 and codim£2 < 00 for £1 and £2 in (5.2)-(5.3). As 
soon as this is proved, dimKerD — dim£i and codimlml? = codim>C2- 

To handle £1, remark that (— f/(6+ 1, b)xb, 0, . . .) e Im if and only if there 
exists a (|/„)„>6+i G £p(Zn [b+ 1, 00); X) such that ?/„ = —U (n, b)xb, n > b+1. 
Using the dichotomy {Pn}n>b, this is equivalent to Xb G ImP^"^. On the other 
hand, {xn)n<b G Ker means that Xn — U (n, m)xm for all m < n < 6. 
In particular, Xb — U{b,a)xa, and Xa — U{a,n)xn for all n < a. Using the 
dichotomy {Pn}n<a, we infer Xa £ KerP~. Thus, 



dim£i = dim{x e KerP„ : U{b,a)x e ImP^"^} — dimKerA^(6, a) < 00. 



To handle £2, let Z denote any direct complement of lmN{b,a), such that 
KerPj+ = lmN{b,a) © Z, and let [{Xn)n>b+i]c2 ior any {xn)n>b+i G ^p{^ n 
[6 + 1, 00); X) denote the equivalence class in the quotient space ip{Z fl [6 + 
l,oo);X)/£2- By Lemma 5.4 we have {P^Xn)n>b+i G ImD^ C £2- Thus, 
[{Xn)n>b+i]c2 = [((^ - Pn )^n)n>b+i]c2- Uslug (5.2), by Lemma 5.4 we infer 

K+i, (/ - Pft+ 2)^6+2, ...) elmD^ C £2, so, [{Xrr)n>b+l]c2 = 0, . . .)]c2, 

where we denote Ub+i = (/ — P^i)xb+i — Note that yb+i G Ker P^^, 
and find the unique i/b G Ker P^"^ such that i/b+i — U{b + 1, b)\^^j. p+i/b- Using 

b 

the decomposition KerP^"*" = ImA^(6, a) © Z, find the unique representation 

Ub = y + z, where y G ImiV(6, a) and z E Z. Since y G ImiV(6, a), there is an 
Xa G Ker Pq" such that y = U{b, a)xa- Using the dichotomy {P^}n<a, set a;„ = 
{U{a,n)\^^^p-)~^Xa for n < a. Also, define Xn = U{n,a)Xa for n G [a, 6]. Then 
{xn)n<b G ip{1> n {—oo,b];X) and Xn = U{n,m)xm for all m < n < b. Thus, 
{xn)n<b G KerD;. Also, y = Xb. By (5.3) then [{-U{b + l,b)y,0, . . .)]c2 = 
[(f/(6 + 1, 6)z, 0, . . .)]/:2- As a result, wc have a well-defined map j : x = 
[(a;n)n>6+i]£2 ^ ^ from fp(Zn [6+ l,oo))/£2 to Z = KerP,,+/lmX(6,a) such 
that [{Xn)n>b+i]c2 = [(^(^ + 1) ^)^) 0) • • •)]/^2 with jx = z. It follows that j 
is injective. It is surjective, since ii z E Z then x = [{U{b + l,b)z,0, . . .)]c2 
satisfies jx — z. □ 
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6 Differential and Difference Operators 



In this section we prove Theorem 1.4 and Lemma 1.5. The proof is given 
for the case of Lp(R;X). p G [l,oo), the case of Co(M;X) is similar. Fix 
a continuous 1-periodic function « : M ^ M such that «(0) = q;(1) = 
and a(ys)ds = 0, and recall notation x = {xn)n&- Define bounded linear 
operators R : Lp{R;X) ip{Z;X) and S : ip{Z;X) Lp{R;X) as follows: 

Rf = (- r U{n, s)f{s)ds) , {S:x.){t) = a{t)U{t, n)x„, te[n,n + l\. 

Lemma 6.1 (i) Ify — D:x. then Gu = Sy for some u e domG; 
(a) if Sy = Gu for some u G dom G then y = Dx for some x G ip; 
(Hi) if f = Gu for some u G domG, then Rf = with x = {u{n))nez; 
(iv) if Rf = Dx for some x G ip, then f — Gu for some u G dom G. 



PROOF, (i) Define u{t) = U{t,n){yn - x^) - j'^U{t, s)Sy{s) ds for t G 
[n, n + 1]. A direct but tedious calculation similar to [15, p. 117] shows that 
u G Lp{R; X) n Co(M; X) and satisfies (1.4) with / = Sy. Thus Gu = Sy. 

(ii) For u G Lp{R;X) n Co{R;X) satisfying (1.4) with f ^ Sy we have for 
t = n + 1 and t = n: 

rn+l 

u{n + 1) — U{n + 1, n)u{n) — U{n + 1, s)a{s)U{s, n)yn ds 

Jn 

= C/(n + 1, n)u{n) — [/(n + 1, n)|/„, n G Z. 
Thus, y^D{y„- u{n))nez- 

(iii) Since u and / satisfy (1.4), letting t — n and r = n — 1, we have that 
— fn-i s)f{s) ds — u{n) — U{n,n — l)u{n — 1), n G Z. 

(iv) For X = {xn)nez such that Rf = define 

u{t) ^ U{t,n)xn - [ U{t,s)f{s)ds, te[n,n + l], n e Z. 

Jn 

A calculation similar to [15, p. 117] again shows that u G ivp(R; X)nCo(M; X), 
and that u and / satisfy (1.4). Thus, Gu — f. 



We now claim that ImG is closed if and only if ImD is closed. Assume 
that ImD is closed, and consider any sequence /(fc) = Gm(^) G ImG such 
that lim^^oo Z*''^'' = / in Lp(R;X). Using Lemma 6.1(iii) we have Rf^''^ = 
D{uP^\n))n^z Rf, k ^ CO. Since ImD is closed, Rf E ImD and thus 
/ G ImG by Lemma 6.1(iv). Conversely, assume that ImG is closed, and 
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consider any sequence y^*^) = D^^^^ G Im D such that hm/j^oo y*-^'* = y in ^p. 
Using Lemma 6.1(i), we have Sy^^^ = Gu^''^ Sy for some u^^^ G domG. 
Since ImG is closed, Sy G ImG and thus y G ImD by Lemma 6.1(ii). This 
proves the claim. 

Define a linear map, B, by (i?x)(t) = U(t,n)xn, t G [n, n + 1), n G Z, where 
X = {xn)nei,- According to (1.4), u G KerG if and only if -u G Lp(]R;X) fl 
Co(M;X) and u{t) = U{t,T)u{T) for alH > r in M. By (2.4), B is an injective 
map from KerD to KerG. If G KerG then B{u{n))nez — u shows that 
B is surjective. Thus, KerD and KerG are isomorphic, and dim KerG = 
dim Ker D. 

Finally, we show that if Im G (equivalently, Im D) is closed, then dim Lp — 
dim ip for the quotient spaces Lp :— {[f] — {f + g : g e ImG} : / G Lp} 
and ip := {[y] = {y + z : z G ImD} : y G ip}. Indeed, define the operator 

R : Lp ^ ip, by the rule R[f] = [Rf]- Since (7 G ImG implies Rg G ImD by 
Lemma 6.1(in), if h = f + g e [/], G ImG, then Rh = Rf + Rg E [Rf], 
and R is well-defined. If R[f] = 0, then Rf E ImD and, by Lemma 6.1 (iv) we 
have / G Im G and thus [/] = 0. So, R is injective. Fix y = (|/n)nez £ ip, and 
let / = -Sy. Then 

rn 

{Rf)n = / U{n, s)a{s)U{s, n - l)y„-i ds ^ yn - (-Dy)n. 

Jn—l 

So, y = Rf + Dy. Then [y] = [Rf] = R[f], and R is surjective. Thus, Lp and 
ip are isomorphic. □ 

PROOF OF LEMMA 1.5. We give the proof of the "only if part for M+, 
arguments for ]R_ are similar. Due to the dichotomy estimates for the fam- 
ily {U{n,m)}n>m>o, we claim that it suffices to construct {Pf~}t>o such that 
U{t,T)P+ = P^U{t,T) and U{t,T)[^^^p+ : KerP+ KerPt+ is an isomor- 
phism for alH > T > 0. Indeed, assume that the claim is proved. Then the sta- 
ble exponential dichotomy estimate for {U(t, T)}t>T>o follows directly from the 
stable dichotomy estimate for {U{n,m)}n>m>o since suPq<(_^<;^ ||t/(t, r)|| < 

00. To obtain the unstable dichotomy estimate for {U{t,T)}t>T>o, note that if 
n + l>t>n>m>T>m — 1>0 then 

(t^(i,T)|KerP+)-' = (t/(m,T)|Ke.P+)-^(t/(n,m)|KerP+)-^(t/(i,ri)|KerP+)-'- 

(6.1) 

But (t/(t,n)|KerP+)-' = ([/(n + l,n)|KerP+)-'(^(n+l,t)|KerpJ. Usiug the UU- 

stable dichotomy estimate for {U (n, m)}n>m>o, and the fact that sup{||?7(n -|- 

1, t)\\ : n G Z_|_,i G [n,n -\- 1]} < 00, we have that sup{||?7(t, n)|j^j,j,p+)^-'^|| : 
n G Z+,t G [n,n + 1]} < 00 and, similarly, that sup{||(f/(m, r)|j^j,j,p+)^-'^|| : 
m G 'L+,m > 1,t G [m — l,m]} < 00. Now (6.1) implies the unstable di- 
chotomy estimate for {U{t,T)}t>T>Q. To prove the claim, fix to £ so that 
to G [n,n + 1) for some n G Z+, and define subspaces Xgifo) = {x & X : 



28 



U{n + l,to)x E lmP.^_^i} and X„(to) — U{to,n){Keic P^). Using the unsta- 
ble dichotomy estimate for {[/(n, m)}„>m>o, for each x G KerP^ we have 
\\U{n + l,to)\\\\U{to,n)x\\ > \\U{n + l~n)x\\ > M-^e"\\x\\. Thus, U{to,n) : 
KerP+ — > Xu{to) is an isomorphism, and Xu{to) is closed. Also, U{ti,to) : 
Xu{to) — > -'^u(^i) is an isomorphism for all ti > to in R+. If x e Xs(to)nX„(io), 
then U{n+1, to)x G Im Pn+i and there is a y G Ker P+ such that x = U {to, n)y. 
Then [/(n + l,n)y = U{n + l,tQ)x G ImP,^]^. Thus, t/(n + l,n)y = and 
1/ = since U{n + l.n) : KerP^ — > KerP^^^ is an isomorphism. Thus, 
Xs{to)nXu{to) = {0}. To prove that X = X^(to) ©X„(to), take an x G X, and 
decompose U{n + 1, to)x ^ys + yu, Us e Im Pn+i, Uu e Ker P^^ = + 1). 
Let Xu denote the unique vector in Xuito) such that U{n + l,to)xu = yu, 
and let Xs = x — x„. Then Xg G Xs{to) since f/(n + l,to)xs = ys E ImP^^^^. 
Projections P/,t > 0, with ImPj+ = ^^(t), KerPt+ = give the desired 

dichotomy. The proof of the "if part of the lemma is straightforward. □ 



7 Special Cases 

In this section we discuss several particular cases when the statements of 
Theorems 1.1 and 1.2 allow certain simphfications, and indicate classes of 
problems for which these theorems could be applied. We present the results 
only for Lp = Lp(]R;X), p G [l,oo). In this section all differential equations 
u'{t) = A{t)u{t) with, generally, unbounded operators A{t), t G M, 
sumed to be well-posed in the following PF^ (M; X)-sense (cf. [47, p. 313]): (1) 
There exists a dense subset T> C X such that dom A{t) — V for all i G R; and 
(2) There exists a stongly continuous exponentially bounded evolution family 
{U {t, T)}t>T, t, T G M, on X so that for all r G M and each x^ the function 
u{t) = U{t,T)xr, defined for t >t, takes values in V, belongs to the Sobolev 
space Wp {[t, oo); X), and satisfies the differential equation u'{t) = A{t)u{t) 
for almost alH > r G R. 

Mild and regular solutions. The operator G, described in Lemma 1.3, is the 
generator of the evolution semigroup induced by the propagator {U{t,T)}t>T 
of the well posed differential equation u'{t) = A{t)u{t), i G R. Therefore, G 
is a closed operator on Lp(M.;X), p G [l,oo). Also, u : M — X is a mild 
solution of the inhomogeneous equation u'{t) = A(t)u(t) + f{t), t G M, for 
/ G Lp{M.;X), provided u G domG and Gu = f. Consider the operator 
G = —d/dt + A{t) with the domain domG given in (1.2). We say that u 
is a regular solution of the inhomogeneous equation provided u G domG 
and Gu — f. Note that for many classes of equations (say, parabolic) mild 
solutions have additional regularity. If this is the case, one might expect that 
G = G. The latter equality is indeed true provided, for instance, that the 
inhomogeneous equation u'{t) = A{t)u{t) + f{t) has Lp-maximal regularity, a 
property established for a large variety of parabolic nonautonomous problems. 



29 



see [30,47] for further references. 

Recall that, by [15, Thm. 3.12] and [47, Prop.4.1], the set domG from (1.2) 
is a core for G. Thus, if G is closed then G = G. As a result, we conclude 
that if G is a closed operator on -Lp(R; X), p e [1, oo), then Theorems 1.1 and 
1.2, and all other results of this paper, are valid if the operator G in their 
formulations is replaced by G. We will not go into discussion of the (quite 
delicate, see [47, Sec.(c)]) question when G is closed, but merely mention that 
G = G under the following simplest assumption: 

>1 : M 1-^ C{X) is piecewise continuous and sup ||>l(i)|| < oo. (7.1) 

Indeed, in this case the propagator {U(t,T)}t^rm is different iable in C{X). 
Then u e Wp{K]X) is a regular solution of the inhomogeneous equation if 
and only if is a mild solution of this equation. Therefore, G = G for the 
operator G = -d/dt + A{t) with domG = W^p(R; X), p G [1, oo). 

Compactness and node operators. In many cases studied in the literature 
the operator G (or G, defined in (1.1) with the domain (1.2)) was proved to be 
Predholm if and only if the corresponding evolution family (or the differential 
equation u'{t) = A{t)u{t), t G M) has exponential dichotomies on M_|_ and 
M_, see, e.g., [12, Thm.1.2], [21, Thm.1.1], [28, Lcm.3.4], [36, Lem.4.2] and 
[37], [46, Thm. 2. 6], [53, Thm.1.3]. Thus, in these papers condition (ii') in 
Theorem 1.2 or, equivalently, see Lemma 5.1, condition (ii) in Theorem 1.1 
has been fulfilled automatically. A reason for this is explained in Lemma 7.3 
below. Indeed, under the assumptions imposed in the above cited papers, or 
for the classes of the evolution families studied in these papers, the projectors 
I — Pfl and / — Pq^ happened to be of finite rank (and thus compact), or their 
difference was compact. If, for instance, U{t,T) are compact operators in X 
for alH > T in R, then the invertibility of their restrictions U {t, r) iKerPr acting 
from Ker to Ker Pt (see (ii) in the definition of the exponential dichotomy) 
implies that KcrP,- is finite dimensional. The more general a-contractivity 
condition on U{t,T) also implies that KerP,- is finite dimensional, see, e.g., 
[44, p. 21] and the literature cited therein. The following two examples, on the 
contrary, identify important autonomous equations u'{t) — Au{t) for which 
both stable and unstable subspaces are infinite dimensional, see also [38,46] . 

Example 7.1 {Petrovskij-correct systems.) Let p({) = [Pkj{0]k,j=i^ ^ ^ ^'^j 
d > 1, be a {K x K) matrix whose entries are complex- valued polynomials 
PijiO — J2\a\<Nkj c^aC"- Here we use the multiindex notation for a G N*^, 
and Oq, G C depend on k and j. In L2(R'^;C^) the operator A = p{id), 
d = {di, . . . ,dd), = —1, is defined via Fourier transform, A = J-'^^p{-)J-', 
and is a general (matrix) constant coefficient operator with the symbol p. We 
say that A is Petrovskij correct if for some a; G M the spectrum cr(p(^)) of 
the matrix p(^) satisfies cr{p{^)) C {2; G C : Rez < a;} for all ^ G M'^. If 
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this is the case, then A generates a strongly continuous semigroup on L2(M'^), 
where domA is the Sobolev space of order = maxiVfej. This semigroup is 
hyperbohc provided ct{p{^)) is uniformly separated from iM. for all ^ e M*^. 
Both stable and unstable spectral subspaces can be infinite dimensional. A 
"toy" (2 X 2) matrix first order example is p(^) = diag[i^ — a, + 6], ^ G R, 
a,b > 0, where cr{A) = (iM — a) U {iM. + b). For a study of dichotomy of 
hyperbolic systems with constant and close to constant coefficients see [25,51] 
and the literature therein. O 

Example 7.2 {Schrddinger operators with periodic potentials.) Consider on 
X = L2(M;C) a Schrodinger operator A = -£j + V{x), domA = H/'|(M;C), 
with a piecewise continuous real-valued periodic potential V. By Theorem 
XIII. 90 from [40] we know that its spectrum a{A) = [J'^^^[an, Pn] for some 
< Oin+i, and ^{A) is absolutely continuous; also, unless y is a constant, 
an+i 7^ for some n, that is, there are gaps in a{A) (e.g., a;„+i 7^ Pn for all 
n eN for the Mathieu potential V{x) = fi cosx, fi ^ 0). Thus, if G {jSn, an+i) 
for some n then the equation u'(t) = Au{t) has an exponential dichotomy on 
M with infinite dimensional stable and unstable subspaces. O 

Lemma 7.3 If Pq andP^ are projectors on a Banach space X, and Pq~ — P^ 
is a compact operator, then the node operator A'"(0, 0) — {I — Po^)\KeTP- '■ 
Ker PrT Ker Pn" is Fredholm. 



PROOF. A (2 X 2) matrix representation (2.1) of the Fredholm operator L — 



ImPn 



iKerPo" to X 



ImPn^ 



Ker Pq has 



acting from X 
p+ p- 

KerPo*". By (ii) in Lemma 5.3, ImA'^(0,0) is closed and dimKer iV(0, 0) < 00. 



the form L 



, where A^(0, 0) = (/-Po+)(/-Po") : KerPo" 



Passing to the adjoints, A^(0,0)* = [/ - (Po")*(Po^ 
Pq" — Pq is compact, dimKer A^(0, 0)* < 00. 



lKer(P+)*- 



Since 

□ 



The assumption of Lemma 7.3 is often used in the literature on Morse theory 
in Hilbert spaces, in particular, for the study of Fredholm differential operator 
G on infinite-dimensional spaces in [2] and [3]. To establish a link between 
the current work and [2,3] assume, for a moment, that X is a Hilbert space, 
and {Pw: Pv) is a pair of selfadjoint projections on subspaces W and V oi X, 
respectively. The pair (W, V) is called commensurable if the operator P^/ — Pv 
is compact, see [1, Ch.2]. It can be shown that if the pair [W, V) is commen- 
surable, then the pair (W, V-^) is Fredholm, and 

ind(W, V^) = dim{W, V) , (7.2) 

where the relative dimension, dim{W, V), of subspaces W and V is defined by 
dim{W, V) := dim{W nV-^) - dim{W-^ nV), see [1, Sec. 2.2]. Here, subspaces 



31 



W and V are, in general, infinite dimensional. However, if diml^ < oo and 
dim V < oo, then dim(l¥, V) — dim W — dim V. 

Example 7.4 To illustrate the simple fact that not every Predholm pair of 
subspaces is commensurable, let Pw — | [7 7] and Py — [00] selfadjoint 

projections on the subspaces W = {x(Bx:x^ H} and V = {x (BO : x ^ H} 
of the orthogonal direct sum X of two copies of an infinite dimensional Hilbert 
space H. Then Pw—Py is not compact (since it is invertible), but W+V-^ = X 
and W ilV-^ ^ {0}, and thus {W, V-^) is a Predholm pair. O 

If an evolution family {[/(t, r)}f>T- has exponential dichotomies {Pt^}t>o and 
{Pf^}t<o on M_|_, resp., on M_, then only the subspaces ImPo^ (stable for t 
00) and KerPg" (stable for t —00) are uniquely determined, see e.g, [17, 
Rem.IV.3.4] and [38, Eqn.(3.20)]. Thus, if X is a Hilbert space, we can assume 
in Propositions 7.5 and 7.15 below that P^ and Pq are selfadjoint projections. 
Lemma 7.3 and formula (7.2) for W = KerPg" and V = KerPg^ l^ad to the 
following abridged version of Theorem 1.2 that, nevertheless, covers many 
known results. In particular, the index formula below gives the corresponding 
formulas from [12], [37], and is related to [2, Theorem B] (see also Proposition 
7.15 below). 

Proposition 7.5 Suppose that an evolution family {f/(t,r)}j>^ on a Banach 
space X has exponential dichotomies {P^}t>o and {Pf}t<o on M_|_ and R_ 
such that the operator Pq" — Pq" is compact. Then the following holds: 

(a) G is Fredholm on Lp{K\X), p G [I.cxd); indG = ind(Ker Pq", Im Pq^); 

(b) If, in addition, X is a Hilbert space and P^ are selfadjoint projections, 
then ind G = dim(KerPo~, Ker Pq*"); 

(c) If, moreover, dimKerPf^*^ < 00, then indG = dimKerPo" — dimKerPo". 

Conversely, if the operators U{t,T), t > t & M., on a reflexive Banach space 
X are compact, and G is Fredholm, then there exist exponential dichotomies 
{Pt}t>o and {Pf}t<o, and dim Ker P(f < 00. 

Perturbations. Consider a well-posed differential equation u'(t) = A(t)u(t), 
t e M, with the propagator {UA{t,T)}t>T, t,T e M, and a perturbation B : 
R — > £(X). We will impose the following assumptions^ on the perturbation: 

(Pi) The function 1 1-^ B{t)x is continuous for each x ^ X; 

(P2) SUp^gK II^WII < 00; 

(P3) the perturbed equation u'{t) = [A{t) + B{t)]u{t) is well posed with the 
propagator {UA+B{t:T)}t>r: t,T e R; 

^ Apparently, the assumption that B{t),t € R, are bounded operators could be 
relaxed to include wider classes of perturbations, cf. [15, Sec. 5.2.2], but will not 
pursue this here. 
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(P,) lim|i|^o,||5(0|| =0; 

(P5) B{t) is a compact operator for each i e M. 

We remark that assumption (P3) is not trivial in view of an example due to R. 
Phillips, see, e.g., [47, Exmp. 2.3]. Let G4 and Ga+b denote the generators 
of the evolution semigroups induced by {UA{t,T)}t>T and T)}t>r) 
respectively. Under assumptions (Pi)-(P3) it can be shown that Ga+b = 
Ga + where B G £(Lp(M;X)) is defined by {Bu){t) = B{t)u{t), a.e. t G M, 
cf. [15, Thm. 5.24]. Obviously, B may not be compact. As an example, consider 
B with B{t) = a{t)B, where a E Co(M; M), a 7^ 0, and P is a compact operator 
such that a{B) ^ {0}. Then a{B) = {a{t) : i e M} • a{B) is uncountable. 

Proposition 7.6 Suppose that B satisfies assumptions (Pi) — (P5). Then 
Ga and Ga+b are Fredholm on Lp(R;X), p e [l,oo); simultaneously, and 
ind Ga = ind G^+b- 

PROOF. Let Da and Da+b denote the difference operators on £p(Z; X),p E 
[1,00), induced by the evolution families {[/^(t, T)}t>T- and {UA+B{t-iT)}t>T 
using (1.5). By Theorem 1.4, we need to show that Da and Da+b are Fredholm 
at the same time with equal indexes. By the standard perturbation theory, the 
perturbed evolution family {UA+B{t,T)}t>T satisfies a variation of constants 
formula for all t > t. This formula, in particular, implies UA+B{n + l,n)x — 
UA{n + 1, n)x + Kn+iX, for all x e X and n e Z, where 

rn+l 

Kn+ix ^ I UA+B(ri + l,s)B(s)UA(s,n)xds. 

Then Da+b - Da = IC, where /C := diag[fC„]„e2 : (a;„)„gz ^ {KnXn)nez- 
Since B{s) ^ as |s| — > cxd in C{X), and the evolution families {UA{t,T)}t>T 
and {UA+B{t,T)}t>T are exponentially bounded, we have lim|„|^oo -f^n = 
in jO,{X). Also, since operators B{s), s e R, are compact and the functions 
fn{^) = UA+B{i^ + '^r)B{-)UA{-,n) are strongly continuous on [n,n + l]jn G Z, 
we conclude that Kn is compact in X for each n G Z, sec, e.g. [20, p. 525]. 
Thus, /C is compact in ip{Z;X) as a limit in C{£p{Z;Xj) of a sequence of 
compact operators. □ 

Asymptotically constant coefRcients. Let A be the generator of a strongly 
continuous semigroup {e*^}t>o on X. The evolution family corresponding to 
the equation u'{t) — Au{t) is given by U{t, r) ~ e^*"'^^'^ ior t > r in R. Recall 
that a semigroup {e^^}t>o is called hyperbolic on X if there exists a projection 
Pa such that c^^Pa = Pac^^, t > 0, and that ||e*^|i„iP^ || < Me""*, t > 0, 
a > 0, and the semigroup {e*^|KcrP^}t>o extends to a strongly continuous 
group {e*^|KerPA}teR on KerP^ such that ||e*^|KerPAll < Me"*, t < 0, see, e.g., 
[15, p. 28]. The semigroup {e*^}t>o is hyperbolic if and only if (7(e*^) fl T = 
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for some (and hence for all) t > 0. Then Pa is the spectral (Riesz) projection 
for {e*^}t>o such that (T{e^\^p^) = (j(e*^) n {A e C : |A| < 1}, see [15, 
Lem.2.15]. 

Lemma 7.7 Assume that for some & > the evolution family {e'^^~'^^^}t>T) 
t,T G M, has either an exponential dichotomy {Pt^}t>b on [b,+oo), or an 
exponential dichotomy {Pf}t<-b on (— oo, — 6]. Then the semigroup {e*^}t>o 
is hyperbolic on X. 

PROOF. We will prove that o-^e^) n T = provided there is a dichotomy 
{Pt^}t>b- First, we claim that ||(/ — e^)x\\ > c\\x\\ for some c > and all 
X E X. By Lemma 5.4, for some c > we have ||D^x||^p > c||x||^p for all 
X G ip{Z n [b + 1, oo); X). For each x E X and 7 > define x = {e~'^'^x)n>b+i- 
Then D^x = {e-'^^^+^h, {e-'^M -e^e-'-'^^+^^)x, . . .). A calculation shows that 

> c^llxll?^ = cfe-^P(''+^)||a;||7(l - e"^*'). 

Thus, (1 — e"'''^) 1 1 a; 1 1'' + ||(e~''' — e^)a;|p > c^Hxp, and letting 7^0 the claim 
is proved. Rescaling A A — ij3, (3 E R, shows that ||(A — e"^)x\\ > c\\x\\ for 
all a; e X and A G T. To finish the proof of the lemma, it suffices to show 
that (7p((e^)*) n T = for the point spect rum (Tp{-). Arguing by contradic- 
tion and using the Spectral Mapping Theorem for the point spectrum ([20, 
Sec. IV. 3. b], and also see [20, Sec.IV.2.18]), suppose that A*C, = if3^ for some 
/3 G M and ^ G X*. Then (e"^)*^ = e*'^"^ for all s > 0. Using the dichotomy 
{Pt'}t>b and passing to the adjoints, for alH > 6 we have {Pj^)*{e^*~''^^)* ~ 
(e(*-''M)*(P+)*, and the dichotomy estimates ||(e(*~''^^)*|ij^(p+). || < Me-''^*-^\ 

ll(e^*~''^^)*lKer(p+)0"'ll < Me-"^*-''). Denote = e-'^^*-^\e^'-^^^Y^, t > b. 
Identity (e^*"^)^)*^ = e^^(*-^)^ imphes that ^ = (P;,+)*6 + {I - {P^)*)^t for all 
t > b. By the stable dichotomy estimate ||(Pb+)*6ll = II (e^*"^^^)*(P+)*^|| < 
M^-ait-b) g^p^^^ ^^^^ limi_oo(/- (n^)*)et = hmi_oo[e- 

{P^y^t] = i e Ker{P^)* since (/ - {P^)*)it e Ker(Pfe+)*. By the unstable 
dichotomy estimate, 

iieii = m-iPb^YM = \\{e^'-'^y{i-{Pt^rm > M-v(*-'')|i(/-(p+)*)eii, 

and so limt^oo(-^ — (Pt')*)^ = 0. Using the decomposition ^ = {P^YC + {I — 
(PYY)^^ we have ^ = \iint^oo{Pt'YC Remark that ImP^^ = Im Pj+ for all 
t > b. Indeed, using the dichotomy {Pt^}t>b, for each t >b we infer: 

ImP+ ^{xeX : ||e^("-*)x|| < Me^^^^-*) ||x|| for all s>t} 

^{xeX : \\e^^x\\ < Me-"^||x|| for all r > 0} = ImP+. 

Since Im(Pt+)* = (ImPt+)*, for alH > 6 we thus have Im(Pt+)* = Im(P+)*. 
Therefore, {P^Y^ ^ Im(P+)* implies ^ = limt^<^(Pj+)*^ G Im(P+)*, and 
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so ^ = since wc have proved that ^ e Ker{P^)* fl Im{P^)*. Dichotomy 
{Pf}t<-b is considered similarly. □ 



Corollary 7.8 Let A be the generator of a strongly continuous semigroup on 
a reflexive Banach space X . Then the following assertions are equivalent: 

(1) Ga is Fredholm on Lp(M;X), p G [1,cxd); 

(2) Ga is invertible on Lp{M.;X), p e [l,oo); 

(3) a(e*^) nT = for allt>0. 



PROOF. The equivalence (2)4=>(3) is contained in [15, Thm. 3.13]. To prove 
(1)^(3), apply Theorem 1.1. By this theorem, (1) implies the existence of an 
exponential dichotomy {Pt^}t>b on [6, cxo) for the evolution family {e^^~'^^^}t>r- 
By Lemma 7.7 the semigroup {e^'^}t>o is hyperbolic. □ 



Next, consider a perturbed differential equation u'{t) = [A + B{t)]u{t), i e R. 
If assumption (P4) holds then this equation is asymptotically autonomous 
(for a recent work on asymptotically autonomous parabolic equations see also 
[10,19,48,49]). 

Lemma 7.9 Suppose that assumptions (Pi)-(P4) hold. Assume that for some 
b > the evolution family {UA+B{t,T)}t>r for u'{t) = [A + B{t)]u{i), t G M, 
has either an exponential dichotomy {Pt}t>h on [6,00), or an exponential 
dichotomy {Pf^}t<-h on (— cxo, —b]. Then the semigroup {e*^}f>o is hyperbolic. 



PROOF. Suppose that the evolution family {UA+Bit, T)}t>T has an exponen- 
tial dichotomy {Ptt}t>h on [6, 00) with the dichotomy constants a, M. Since 
B{t) ^ in C{X) as i ^ 00 by assumption (P4), for each e G (0, a(2M)"^) 
there exists a T = T{e) > b such that sup{||S(i)|| : t > T} < e. For t e R 
we set Pt — Pt^ if t > T and Pt = P^ ii t < T. Also, we define a strongly 
continuous exponentially bounded evolution family {UA+B{t,T)}t>T, r G M, 
a continuation of {UA+B{t,T)}t>T>T, by 



' UA+Bit, r) 



UA+Bit, t) = < 



for i > T > T, 



UA+Bit, r)e"M(^-2^^) for i > T > T, 
Mt-r){i-2P+) ioTT>t>r, 



(7.3) 



cf. [12, p.l09]. Since e"(*-^)(^-2^T ) = e~"(*-^)Pjt + e"(*-^)(J - P+), it is easy 
to check that {Pt}tm is an exponential dichotomy for {UA+Bit, T)}t>T on M 
with the same dichotomy constants a,M. By [15, Thm. 3.13], the generator 
Ga+b of the evolution semigroup on Lp(M;X) induced by {UA+Bit, T)}t>T 
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is invertible, and, moreover, \\{Ga+b) ^\\c{Lp{R;X)) < 2Ma \ see, e.g. [15, p. 
105]. Extend the evolution family {e^'^~^^^}t>T>T as follows: 



UA{t,T) 



'e(*-^)^ fori >r>T, 

gA(t-r)ga(T-r)(7-2P+) for t > T > T, (7.4) 
ga(t-r)(/-2P+) for T > i > T. 



Define B : R ^ C{X\ by setting B{t) = B{t) for t>T and B{t) = 
for t < T, and define ^ G £(Lp(M;X)) by = B{t)u{t), t G M. Then 

Ga+b = Ga + iS, where is the generator of the evolution semigroup on 
Lp{R; X) induced by the evolution family {UAit, r)}t>T- By the choice of T, 



m\ciL,iR-x)) = sup \\B{t)\\ < 6 < a{2M)-' < {\\{GA+B)-'\\c{L,i 

t>T 



Thus, is invertible on Lp(]R+;X) since Ga+b is invertible. By [15, Thm. 
3.13], the evolution family {UA{t,T)}t>T has an exponential dichotomy on M, 
hence, on [T, oo), and thus {e*^}f>o is hyperbolic by Lemma 7.7 with b = T. 
The case of exponential dichotomy on (— oo, 6] is considered similarly. □ 

Proposition 7.10 Assume that A is the generator of a strongly continuous 
semigroup on a reflexive Banach space X, and assumptions (Pi)-(F5) hold 
for a perturbation B : M. ^ ^{^)- Then Ga+b is Fredholm on Lp{M.;X), 
p e [l,oo); if and only if the semigroup {e^^}t>o is hyperbolic. Moreover, 
ind Ga+b = 0. 



PROOF. If Ga+b is Fredholm, then {UA+B{'t,T)}t>T has an exponential di- 
chotomy on ]R+ by Theorem 1.2. By Lemma 7.9, {e*^}t>o is hyperbolic. Con- 
versely, if {e*'^}i>o is hyperbolic then Ga is invertible on Lp, see Corollary 7.8. 
By Proposition 7.6 Ga+b is Fredholm and indG^+B = 0. □ 



There is an alternative proof of Lemma 7.9, appropriate for Co(]R; X), that uses 
difference operators, cf. the proof of Proposition 7.6. This proof is based on 
the fact that if Da+b and Da are the difference operators (1.5) induced by the 
evolution families defined in (7.3) and (7.4), respectively, then ||-Da+b — is 
small provided ||B|| is small. Also, because of Lemma 7.9, assumption (P5) on 
B was used only in the proof of the "only if part of Proposition 7.10. Thus, 
for any B e Co(]R;£(X)), if Ga+b is Fredholm, then {e*^}t>o is hyperbohc. 

Asymptotically piecewise constant coefficients. Let and A^ be the 

generators of strongly continuous semigroups {e*'^+}t>o and {e*'^~}t>o on X, 
respectively. Assume that dom = dom A_, and let 

Ao{t) = for i > and Ao{t) = A_ for t < 0. (7.5) 
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Then the differential equation u'(t) = Ao{t)u{t), t G M, is well-posed in the 
H^p-sense with a propagator {U{t,T)}t>T, i,T e M, defined as follows: 



U{t,T) 



^{t-T)A_ 



for t > T > 0, 
for t > > T, 
for > t > T. 



(7.6) 



The invertibility of Gaq with bounded operators A± has been studied in [14]. 



Proposition 7.11 Let Aq he defined by (7.5), where domA+ = dom A_. The 
operator Gaq is Fredholm on Lp{R; X), p e [1, oo), if and only if 

(1) The semigroups {e*^+}t>o o^nd {e*'^"}<>o hyperbolic on X with the 
spectral projections Pa+ and Pa_ , respectively; 

(2) The node operator A^(0, 0) = (/ - PA+)\KevPA_ '■ KerP^, KerPA+ is 
Fredholm. 

Moreover, dim Ker G^o = dim Ker A^(0, 0), codim Im — codim Im A^(0, 0), 
and ind G^o = ind A^(0, 0) . 



PROOF. If (1) and (2) hold then Gaq is Fredholm and the index formula is 
valid by the "if part of Theorem 1.2. If G^o is Fredholm, then by the "only 
if part of Theorem 1.2, there exist dichotomies {Pt^}t>o and {P^}t<Q for the 
evolution family {f/(t,r)}t>^ defined in (7.6). By Lemma 7.7, the semigroups 
{e*^±}(>o are hyperbolic, and we may set P^' = Pa+ and P^" = Pa_- This 
proves (1). Assertion (2) holds by the imphcation (1.3) =^ (ii') in Theorem 
1.2, and Lemma 5.1. □ 



Next, consider A{t) — ^o(^) + B{t) with B satisfying assumptions (Pi)-(P3), 
and let G^o+s and G^o denote the generators of the evolution semigroups in- 
duced by the propagators of the differential equations u'{t) = [Ao{t)+B{t)]u{t) 
and u'{t) = AQ(t)u(t), respectively. Recall that if o'(A) fl = then Pa de- 
notes the spectral projection such that (t{A\i^p^) = a{A)n{X G C : Re A < 0}. 

Proposition 7.12 Assume that A^ andA_, domA^ = domA_, are the gen- 
erators of strongly continuous semigroups on a reflexive Banach space X, and 
B satisfies assumptions {Pi)-{P^). The operator Gaq+b is Fredholm if and 
only if the semigroups {e*^'''}t>o (ind {e*^"}t>o o'^e hyperbolic with the spec- 
tral projections Pa+ and Pa_, and the pair of suhspaces (Ker P^_, ImP^^) is 
Fredholm. Moreover, indG^o+s = ind(Ker P^ , ImP^^). 



PROOF. By Proposition 7.6, Gao+b and G^^ are Fredholm at the same 
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time, and their indexes are equal. The rest follows from Proposition 7.11 and 
Lemma 5.1. □ 



Corollary 7.13 Let X be a separable Hilbert space. Assume that Aj^ and A_ 
are self adjoint operators with compact resolvent, and dom = dom A_. Let 
Aq he defined as in (7.5). Suppose that S : R — > JC{X) satisfies assumptions 
(Pi) — (P5), and that B{t) is a selfadjoint operator for each t G M. Then Gaq+b 
is Fredholm if and only if A^ and A_ are invertible. Moreover, indG Aq+b is 
equal to the spectral flow for the family A{t) = v4o(t) + B{t), t e M. 

Recall, that the spectral flow for the family {A{t)}t£K of selfadjoint operators 
with compact resolvent represents the net change in the number of negative 
eigenvalues of A{t) as t changes from —00 to +00, see e.g. [41] or [33, Sec. 8. 16]. 
In the situation described in Corollary 7.13 we thus define the spectral flow 
as dimKer Pa_ — dimKer Pa_^, cf. [19]. Note that A{t) has compact resolvent 
for aU t e R. 



PROOF. By the spectral mapping theorem (j(e*^)\{0} = expta{A), t > 0, 
for selfadjoint operators [20, Thm.IV.3.10], the operator A± is invertible if 
and only if the semigroup {e^^^}t>o is hyperbolic. Since A+ and A_ have 
compact resolvents, KerP^_ and KerP^i^ are finite dimensional, and P^_|_ — 
Pa_ is compact. Thus, subspaces KerP^ and KerP^^ are commensurable, 
and, by Lemma 7.3, the node operator iV(0, 0) is Fredholm. So, by Lemma 5.1 
the pair of subspaces (KerPA_,ImPA_,.) is Fredholm. Using formula (7.2) for 
W = Kei Pa _ and V = (ImPA^)^, we conclude that ind(Kcr Pa_, Im Pa_,_) = 
dimKer P^_ — dimKer P^^. An application of Proposition 7.12 concludes the 
proof. □ 

Bounded coefficients. Assume that (7.1) holds, and recall that Ga — Ga- 

Let {U{t,T)}t,TeR denote the propagator for u'{t) = A{t)u{t), t G M. If 
{U{t,T)}t.TeR has exponential dichotomies {Pf^}t>o and {Pf}t<o on IR+ and 
R_, then the stable, W^, and unstable, W^, subspaces for A can be described 
as follows: 

WX = {xeX : lim U(t, 0)x = 0} = lmP+, 

t— >oo 

W^^ixeX : lim U(t, 0)x = 0} = Ker Pq". 

t— >— 00 

Proposition 7.14 Assume that A satisfies (7.1). Then the operator Ga is 
Fredholm if and only if the following holds: (a) There exist exponential di- 
chotomies {P^}t>Q and {Pf}t<o onM+ andM.- for {U{t,T)}t,Tm>' o.i^-d (b) The 
pair of subspaces {WX, WX) is Fredholm. Moreover, indG = ind(VF^, WX)- 
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This follows from Theorem 1.2. Further, if the limits = liuit^oo A(t) and 
A_ = limt^_^ A{t) exist in C{X), and cr{A±) n iM. = 0, then the operator 
family {A{t)}teR is called an asymptotically hyperbolic path; see, e.g., [2]. Un- 
der the additional assumption that {^(t)}teK is asymptotically hyperbolic, 
Proposition 7.14 has been proved in [2, Thm. D]. Our results show, how- 
ever, that if the hmits and A_ exist and the operator Ga is Fredholm, 
then cr[A±) n = 0. Indeed, since Ga is Fredholm, Theorem 1.1 implies 
the existence of dichotomies {Pf^}t>b and {Pf}t<a for some a < b. Using the 
assumption that A± — lim^^-i-oo A{t) exist in C{X), this, in turn, implies that 
(j(e*^±) n T = 0, i > 0, see Lemma 7.9. Further, for A± e C{X) define Aq 
as in (7.5), and consider a compact-valued perturbation i? : M ^ ^i^) that 
satisfies assumptions (Pi) — (P5). Proposition 7.12 and formula (7.2) give the 
following improvement of [2, Thm.B], where the "if" part of Proposition 7.15 
has been proved. 

Proposition 7.15 If A{t) = Ao{t) + B{t),t E R, where Aq is given by (7.5) 
with A± G jC.{X), and B takes compact values and vanishes at ±00, then Ga 
is Fredholm on Lp(M; X), p E [1, 00), if and only if (j{A±) fl = and the 
pair of the spectral subspaces (Im Pa_^ , Ker Pa_ ) for A^ and A_ is Fredholm. 
Moreover, indC^ = ind(Ker P^_, ImP^^). If X is a Hilbert space and, in 
addition, A^ — A_ is a compact operator, and Pa± are selfadjoint projections, 
then ind Ga — dim(Ker Pa_ , Ker P^^ ) = dim(Im Pa_^ , Im Pa_ ) . 

Connections to Morse Theory. A need to study Fredholm properties and 
the index of the operator G naturally arises in infinite dimensional Morse 
theory, see [1,3] and the literature therein. If X = M*^ and v is a (heteroclinic) 
solution of the equation v'{t) = f[v{t)) connecting two hyperbolic stagnation 
points, ,T_ = limt^_oo^(^) and a;_|_ = \imt^oov{t), then the linearization along 
V gives rise to the operator Gu = —u' + A{t)u, where A{t) = Df{v{t)), 
t e R, and Df is the differential. If / is a gradient vector field, that is, 
/ = —DF for a Morse functional P : X ^ M (such that D'^F{x) is hyperbolic 
at all critical points x of P), then A(±oo) = —D'^F{x±), and the number 
dim Ker P_/)2^(j.^) = dim Ker P^(-i-oo) is called the Morse index of the critical 
point x±. It is well-known that ind G = dim Ker Pa(-oo) ~ dim Ker Pa{+oo) , see, 
e.g., [41, Thm.2.1]. If X is an infinite dimensional Hilbert space then Morse 
functionals of particular interest are of the form F{x) — ^{Ax, x) + b{x) since 
they appear in the study of Hamiltonian systems, wave equations, and some 
elliptic systems, see [1,3]. Here A is a selfadjoint operator and the Hessian 
D'^F[x) = A + D'^b{x), where D%[x) is a compact operator on X for each x G 
X. If, as above, v is a heteroclinic trajectory connecting (hyperbolic) critical 
points, then the linearization along v gives the operator Gu — —u' + A(t)u, 
where A{t) = A + B{t), B{t) = D%{v{t)), t G M. In the infinite dimensional 
situation just outlined, the Morse theory has been developed in [3]. Note, that 
the results of the current section (see Proposition 7.12 and Corollary 7.13) 
show that the hyperbohcity of the operators D'^F{x±) is, in fact, necessary 
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for the operator G to be Fredholm. Moreover, it appears that Theorem 1.2 
is appUcable for more general Morse functionals. In this case, the exponential 
dichotomies on M-t in this theorem seem to be a correct generalization of the 
asymptotic hyperbolicity. 

Travelling v^^aves. Applications of the finite dimensional Dichotomy Theorem 
in the theory of travelling waves arc important and well-understood, see [45] 
and the literature therein. We briefly sketch a simple generalization of the 
setup in [45], suitable for applications of the infinite dimensional version of 
this theorem given in the current paper (cf. [38] and [46, pp.89-91]). Let Y 
be a Banach space, M : Y Y he & diffcrcntiable nonlinear map, p(-) be a 
polynomial with constant coefficients, u : M_|_ x M — > F. Consider a nonlinear 
equation 

dtu^p{d^)u + M{u), ieK+, xeR. (7.7) 

A typical situation occurs when u — u{t, x,y),y e R*^, and Y — L2(R'^), so that 
u{t, •, •) e L2(R X R'^) = L2(R; L2(R'^)) and u{t, x, ■) G L^i^^). In our general 
setting, passing to the moving frame ^ = a; — ct, c 7^ 0, f (t, ^) = u{t, ^ -\- ct), 
^ e R, we have that u satisfies (7.7) if and only if v satisfies 

dtv^ip{d^)v + cd^v+U{v), ieR+, ^ e R. (7.8) 

A function q = qc(0) q : R — ^ F, is called a travelling wave for (7.7) if q is a 
independent solution of (7.8), that is, if p(i9^)q + C(9gq + A/'(q) = 0. Assume 
that the latter (nonlinear) equation has a solution. A linearization of (7.8) 
about q gives rise to an operator 

Lw := Y>{d^)w + cd^w + DM{ci{i))w, w = w(0 eY, { e R. (7.9) 

In a "general" semilinear case we might have J\f{u) = Nu + F{u), where 
N is any generator of a strongly continuous semigroup on Y. If, in addi- 
tion, DF{0) — 0, q(^) — > as |^| — > 00, and for each ^ G R the operator 
B(^) — DF{q{^)) is a compact operator on Y, then our perturbation results 
are applicable. Finally, we note that the eigenvalue problem Lw = Xw for L 
in (7.9) is a higher order nonautonomous ordinary differential equation in Y 
and, as such, could be rewritten as a first order equation u'{^) = A{^)u{^), 
where A{^),^ e R, depends on A and, generally, is an unbounded differential 
operator on a suitable Banach space X — Y ® . . . ®Y. Thus, the spectrum 
of L is related to the Fredholm properties of the operator induced by A 
which are described in the current paper. 
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